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Introduction

We consider networks with the following characteristics:

@ wireline
@ lossless links
@ packet based (no splitting of packets)

Our goal: Minimize the costs of single-source multicast
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What are the costs?

Definition: Costs

Cost is an abstract term describing a metric used to decide which
path through a network should preferably be used.

Examples

Monetary cost per unit rate

Bandwidth of a link (higher bandwidth results in lower cost)
Delay of a link (lower latency results in lower cost)

Loss ratio (higher loss results in higher cost)

Required energy to bridge the distance between nodes
Some combination of the above
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What is Multicast?

Definition: Multicast
The term multicast refers to a situation, where a sender wants to
transmit the same data to multiple receivers

@ What's the cheapest way of
/ \ distributing the messages A and B
\ / to all receivers t;?
l @ Can it be found efficiently?
1 1 1
@ |Is complete knowledge of the
1/ ° \1 network topology necessary?
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How can it be done?
Establish dedicated unicast connections
Ideal for one-to-one communication, easy to calculate but

wasteful usage of resources since no real multicast .

@ Nodes only forward incoming

/ \ packets (routing is optimal)
A;B A;B i i i
\ / @ Multi-commaodity flow problem with
single source and multiple
l destinations
1{AB 1 1{AB . Lo
@ Can be solved in polynomial time

1/ \1 (successive shortest path)
t t @ Wasteful usage of resources

Total cost: (3+1) 2 2=16
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How can it be done?

Construct the Minimum Spanning Tree (MST)
Optimal in terms of cost for routed networks.

@ Duplicating incoming packets on
some nodes may lower costs

S
3 3
5 A/A;B \ .
1 1 @ Results in the Steiner Tree problem
A;% A 4/

@ NP -complete

) {A;B . (no polynomial time algorithms)
@ Therefore suboptimal solutions
1/ ° \1 based on heuristics are used in

t AR AB © practice

Totalcost: (3+1+1) 2+(1+1) 2=14
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How can it be done?

Use network coding

Extends the capabilities of nodes: Outgoing packets may be
arbitrary causal mappings of incoming packets.

@ Nodes code on incoming packets

@ Achieved costs always less or
equal compared to multicast in
routed networks
(coding includes routing)

5 @ Solvable in polynomial time

S
T
11A 1|B

t1 t

Total cost: Each link transfers exactly one packet) 13
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How can it be done?

A short comparison of the three approaches

Unicast (Routed) Multicast (Routed)

Network Coding

Costs: 16
Polynomial time
Packet forwarding only

Costs: 14 < Unicast
N P-hard
Packet multiplication

N

1| r# 11 1| e " 'lA’B

. $ .
" /A, B A,B\A "

L

Costs: 13 < Multicast
Polynomial time
Causal mappings
] S 1
2 / \ 3
™~ . —
] o L R

t /“'5‘ '\” t
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Outline

@ Formulation of multicast as optimization problem
@ Metrics and constraints
® Minimum-cost flow problem
@ Multicast over coded packet networks
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Metrics and constraints - Cost function

@ A communication network may be represented by a
weighted directed graph

G=(N;A)

@ Let avalue
zyy O
denote the rate at which data is injected into arc (u;v) 2 A

@ Then the costs can be represented by some kind of
monotonically increasing cost function

f(z): R™ 71 Rg 4
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Metrics and constraints - Capacity constraint

Each arc (u;v) 2 A has a finite capacity

cw O
which must not be exceeded.

Capacity constraint
Cov  Zuv; 8(u;v) 2A
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Metrics and constraints - Coupling constraint

There is some relation between the total rate z,, and the rate xf,t\),
of flow t over arc (u;v) 2 T . Independent of the concrete relation,

the total rate z,, is always an upper bound for xff\),.

Coupling constraint
g xfB; 8(u;v) 2A; 82T

Note: The concrete relation depends on the capabilities of
network nodes, e.g. if coding is allowed or not.
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Metrics and constraints - Flow conservation

@ Information originates only at one source s and is only
consumed by a set of sink nodest 2 T

@ Letavalue
x® 0
denote the rate at which data for flow t is injected into
anarc (u;v) 2A

Flow co&servation

x{® x® = 4 8u2N;8t2T
{vl(u,v) LA} {v|(v,u) [A}
with 8
>R ifu=s

u:=> R ifu=t
"0 otherwise
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Minimum-cost flow problem

The situation: Routing

@ Dedicated unicast connections from one source s to each
individual sinkt 2 T
) same information is sent |T j-times

@ The same information is transferred over each connection

@ The term flow describes the information to be sent to a
given destinationt 2 T
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Minimum-cost flow problem

Minimize f (z), subject to
© Primal feasibility
x® 0, 8u;v)2A;8t2T
@ Capacity constraint
Cw Zuv; 8(U;v) 2A
© Coupling constraint

Zuy x®: 8(u;v) 2 A
trTl
© Flow S?nservatlon X
x{ xD= 0 827T:8u2N
{vi(u,v) LA} {v|(v,u) [A}
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Multicast over coded packet networks

The situation: Coding

@ Dedicated unicast connections are no longer demanded
) same information may be sent less than jT j-times

@ Intermediate nodes may code on packets (causal mappings
of incoming packets)
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Multicast over coded packet networks

Minimize f (z), subject to

© Primal feasibility

x{® 0, 8(u;v)2A;8t2T
@ Capacity constraint

Cwv Zuv; 8(u;v) 2A

© Coupling constraint

zow x; 8(u;v)2A; 82T
O Flow S?nservation

x{® x®= M 82T;8u2N
{vi(u,v) LA} {vi(v,u) A}
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Multicast over coded packet networks

Minimize f (z), subject to

© Primal feasibility

x{® 0, 8(u;v)2A;8t2T
@ Capacity constraint

Cwv Zuv; 8(u;v) 2A

© Coupling constraint

zov x: 8(uv)2A;8t2T
O Flow S?nservation

x{® x®= M 82T;8u2N
{vi(u,v) LA} {vi(v,u) A}
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Outline

e Specific cost functions in coded packet networks
@ Linear, separable cost function

@ Convex, separable cost and separable constraints
@ Convex, separable cost with elastic rate demand
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Linear, separable cost function

Let avalue ay,y 0 denote the fixed costs per unit rate for arc
(u;v) 2 A. The cost function is then given as

X
f(z):= AuvZuy
(u,v) A1

Note: f(z)is
@ linear
@ non-negative
@ monotonically increasing
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Linear, separable cost function

Exploiting the special characteristics of f (z) may lead to
simplifications of the optimization problem.

f(z):= AuvZuy
(u,v) LAl

The coupling constraint
zov xU: 8(u;v)2A;8t2T
is active. Therefore the total rate over arc (u;v) 2 A is
zw=maxfx{®jt2Tg
at an optimal solution. This allows us to remove explicit bounds

on z,y and to modify the constraints of our optimization problem.
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Linear, separable cost function

Minimize f (z), subject to

© Primal feasibility

x{® 0, 8(u;v)2A;8t2T
@ Capacity constraint

Cuv  Zuv; 8(u;v) 2A

© Coupling constraint

zow x; 8(u;v)2A; 82T
O Flow cS?nservation

x{® x®= M 82T;8u2N
{vi(u,v) LA} {vi(v,u) A}
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Linear, separable cost function

Minimize f (z), subject to

© Primal feasibility

x{® 0, 8(u;v)2A;8t2T
@ Capacity constraint

cv xP: 8(u;jv)2A;8t2T
© Coupling constraint

zow x; 8(u;v)2A; 82T
O Flow cS?nservation

x{® x®= M 82T;8u2N
{vi(u,v) LA} {vi(v,u) A}
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Linear, separable cost function

What do we want to achieve?
@ Decompose the problem into smaller problems
@ Decoupling flows would allow for a distributed approach

Dualizing the coupling constraint
zov X 8(u;v)2A;8t2T

results in the Lagrangian |

' X
L(X;z;A) = ayy Oz + ox®
(u,v) Al tm (u,v) LA LT]

where E,t\), 0 denote the Lagrangian multipliers.
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Linear, separable cost function

Primal problem
Minimize f (z), subjectto
© Primal feasibility

x® 0 8u;v)2A;8t2T
@ Capacity constraint

v x: 8(u;v)2A;8t2T
© Coupling constraint

zov xB: 8u;v)2A;8t2T
Q Flow Sgnservation

x{® x®= M 82T;8u2N

{vi(uv) LA} {vi(v,u) LA}
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Linear, separable cost function

What do we want to achieve?
@ Decompose the problem into smaller problems
@ Decoupling flows would allow for a distributed approach

Dualizing the coupling constraint
zov X 8(u;v)2A;8t2T

results in the Lagrangian |

' X
L(X;z;A) = ayy Oz + ox®
(u,v) Al tm (u,v) LA LT]

where E,t\), 0 denote the Lagrangian multipliers.
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Linear, separable cost function

Let x(® 2 X (U be a shorthand representation for a vector
consisting of XE,t\), for all arcs (u;Vv) 2 A and a specific flowt 2 T
adhering to the remaining constraints:

@ Primal feasibility
@ Capacity constraint
@ Flow conservation

The dual function is then given as
(A) = inf L(x;z;A)

)B(t) i),z
H t t H 1) —
2 min Wt B a
= X (u,v) [ATt [T tTl
-1 otherwise
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Linear, separable cost function

@ To solve the dual problem (A) must be maximized
e AN!1 does not give a meaningful solution

Therefore we introduce a new constraint on the Lagrangian
multipliers and obtain the dual problem.

Dual problem

X
maximize  (A) = @)
tm
i (1 .- i (1) 3 (1) -
with ; X(gn&jt) awXuys 8t2T
X (u,v) Al
subject to M = au; 8(u;v) 2A

t[11
O 0 8u;v)2A;t2T
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Linear, separable cost function

< .

maximize (A\) = ) (1)
t 11

with ©i= min Wxy; o (2)
X

(u;v ) LA

> .
subject to W =aw; OUv) LA

t 11

O >0 Mo;v) CA;t O

This problem can be solved by an algorithm roughly as follows:
© Choose a feasible start vector A[0]

© Obtain optimal vectors x([n] for given A[n] by solving (2)
foreacht 2 T individually

© Determine A[n + 1] as regards X[n]
© Repeat steps [2] and [3] until some stop criterion is reached
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Linear, separable cost function

< .

maximize (A\) = ) (1)
t 11

with ©i= min Wxy; o (2)
X

X .
subject to W =aw; OUv) LA

t 11

O >0 Mo;v) CA;t O

This problem can be solved by an algorithm roughly as follows:
© Choose a feasible start vector A[0]

© Obtain optimal vectors x([n] for given A[n] by solving (2)
foreacht 2 T individually

© Determine A[n + 1] as regards X[n]) Subgradient method
© Repeat steps [2] and [3] until some stop criterion is reached
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Linear, separable cost function

Subgradient optimization

Let the set
C )

w = Aw W=a,; ©® o08t2T
t[11

be the set of feasible vectors A for arc (u;v) 2 A.

Then the next iterated A[n + 1] can be obtained by solving

Auwln + 1] := argminkX V\”V[n] + {f%[n]xuv[n]% kS
LAy X subgradient step

argmin - (< ( {[n]+ h[n]x{))?

AN tm
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Linear, separable cost function

A very small example
@ Projection for one arc with two flows
@ Blue wireframe marks Ayy = [*f}\) . ~(2) 1", ~U's 0
@ Red line marks Xy, with ~8 + ~&) = auy

@ Colored surface marks distances between interpolated value
u® and optimal value =™
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Linear, separable cost function
A very small example
@ Project constraints onto plane of distances
@ Minimizing distance considering the constraints results in
minimum value along the read line within the marked surface

@ This minimum marks the distance for the best feasible value
Auwl[n +1]
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Linear, separable cost function
Primary Recovery

@ Subgradient optimization does not necessarily yield an
optimal solution for the primal problem

@ Recover primal solution:

@ Primal solution is a convex combination of dual solutions
@ Find convex weights |[n] to recover primal solution:

X
x[n] = ([n]x[l]
I=1

X
with i[nN]=1; [n] O
1=1

@ One acceptable possibility: Averaging
1
in]= n
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Linear, separable cost function

2
<

1)

Xuv
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Linear, separable cost function

2
<

1)

Xuv
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Linear, separable cost function

X

I
O

x
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Linear, separable cost function

X

x 1]

x
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Linear, separable cost function

2
<

1)

Xuv
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Linear, separable cost function

x(

|
\ *[114 x[1]

x
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Linear, separable cost function

X

x[2] wx [2])
Wl

x
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Linear, separable cost function

X

*[2Pg (R [+ x[2))

x
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Linear, separable cost function

X

21 g ([T + x[2)
[2]+ x(3)

1

x
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Convex, separable cost function

What we did so far

@ We developed a distributed algorithm to solve the
optimization problem for a linear, separable cost function

@ The dual problem is solved by approved algorithms, e.g.
-relaxation (we skipped this step)

@ Approximations for the primal variables where obtained by
subgradient optimization

@ Primary recovery (e.g. weighted average) ensured primal
optimality
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Convex, separable cost function

Modifications to the cost function
@ Linear cost function may be applicable for monetary costs

@ Delay, congestion or power consumption as costs may not
adhere to a linear relation

Consider a convex, monotonically increasing cost function
X
f(z):= fuv(zuv)
(u,v) A1
where f, are convex, e.g.

V4
fuv(zuv) = ﬁ; 8(U;V) 2A

\" uv
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Convex, separable cost function

Minimize f (z) = fuv(zu), subjectto

(u,v) [A]
© Primal feasibility

x® 0 8u;v)2A;8t2T
@ Coupling constraint

zow x; 8(u;v)2A; 82T
© Flow cS?nservation

x{® x®= M 82T;8u2N
{vi(u,v) CA} {v|(v,u) [A}

Ferienakademie 2009 - Optimization in Communications and Signal Processing



33/44

Convex, separable cost function

Minimize f (z) = fuv(zu), subjectto

(u,v) [A]
© Primal feasibility

x® 0 8u;v)2A;8t2T
@ Coupling constraint

zow x; 8(u;v)2A; 82T
© Flow cS?nservation

x{® x®= M 82T;8u2N
{vi(u,v) CA} {v|(v,u) [A}

No explicit capacity constraint
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Convex, separable cost function

The coupling constraint is still active. Therefore holds true, that
zw=maxfx®jt2Tg
for any arc (u;v) 2 A.

Since the maximum norm is not differentiable, this relation can
not be used directly. However, we can give an upper bound for
the maximum norm by using the [-norm:
I! Y
zw=maxfx{®jt2Tg x{® =z

trl
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Convex, separable cost function

Primal problem:

Minimize f (z% := fu(z,,), subjectto
(u,v) A1

© Primal feasibility
x® 0, 8u;v)2A;8t2T

@ Coupling constraint
I

X I' Y
ZuDv: Xff& ; 8(u;v)2A; 82T
t[T1
© Flow Sgnservation
Y x(D= O 827T;8u2N
{vl(uv) LA} {v|(v,u) CA}
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Convex, separable cost function

Dualization
@ Primal feasibility gives |T jjAj inequality constraints
@ Flow conservation gives |T jjN] equality constraint

With the Lagrangian multipliers A an [ this results in
I

Y
X X I X
L (XA W) = fuy X R
iu,v) [Al {ZD:I } (u,v) [A]
= —Uéx)
X X X X
t

T e T g )

i (NIt [T {v|(u.v) LA} {vi(v,u) LA}
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Convex, separable cost function

Since we have a convex problem the KKT conditions are
necessary and sufficient for primal and dual optimality in an
equilibrium point.
The partial derivative of the Lagrangian with respect to x&t\), is
given by

@AY _  QUx) ® O 4 ®

u \% uv
@ @

The partial derivatives vanish if the KKT conditions are satisfied:

O x 0 (primal feasibility)
Q@ U 0(dual feasibility)
o EBXEB = 0 (complementary slackness)
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Convex, separable cost with elastic rate demand

Add support for elastic rates

@ We consider the utility function 0

X X | i
Ux(X) = fu @ xm oA
iu,v) [Al {EI'_—I
z }
f(zY

@ Uy (X) is a concave function since f (z) is convex
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Convex, separable cost with elastic rate demand

Add support for elastic rates

We modify U(X) to reflect not only the costs but also the rate R at
which data is transmitted by introducing another utility function
Ur(R) which is assumed to be strictly concave and increasing:

U(XR) == Ur(R)  Ux(X)

The new objective function U(X; R) is a combination of concave
functions and therefore also concave.
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Convex, separable cost with elastic rate demand

Primal problem:
Maximize U(X;R), subjectto

© Primal feasibility
x® 0, 8u;v)2A;8t2T

R O
Q Flow Sgnservation
it x®= ®; 8t2T;8u2N
{vi(u,v) LA} {vl(v.u) LA}
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Convex, separable cost with elastic rate demand

Dualization
@ Primal feasibility gives T jjAj + 1 inequality constraints
@ Flow conservation gives |T jjN] equality constraint

Let R denote the Lagrangian multiplier for the constraint R 0.
The Lagrangian is then given by

LOGA M) = UXR) Wx®%  rR
) A 1
X X X X
t t
ST e T e oA
i[NOt [T {v|(u,v) (A} {v|(v,u) (A}
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Outline

@ Conclusions
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Conclusions

We have seen

@ that network coding is always optimal for multicast
@ and stays solvable in polynomial time at the same time

® how minimum-cost multicast can be formulated as
optimization problem

@ and how the optimization problem could be solved for cost
functions with specific characteristics.
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Time for questions...

Thank you
for your attention!
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Time for questions...

Thank you
for your attention!

And special thanks to Max (:
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