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I. NOTATION

We denote matrices by bold capital letters, i.e.I2 stands for the unit matrix of dimension two. Vectors are normally written as
bold lowercase letters. Scalars are in general written as lowercase greek letters. The conjugate of a complex number is denoted
by over-lining. The hermitian of a matrix or vector is indicated by a superiorH, i.e. xH = xT . Numeric optimal values are
indicated by a superior asterisk. The eigenvector resulting from the minimization of the Rayleigh quotient therefore reads as

y∗ = argmin
y 6=0

yHHy

yHy
.

Deviant from the previous convention we denote thePauli matrices

Q := {σx, σy, σz} =

{[
0 1

1 0

]
,

[
0 −i
i 0

]
,

[
1 0

0 −1

]}
(1)

by lowercase greek letters which is a common convention. Furthermore, we use the style of physicists for vectors in Section II.
A column vector (ket vector) is then written as|ψ〉 and a row vector (bra vector) as〈ψ|.

The Kronecker product between matricesA ∈ Cm×n andB ∈ Cq×r is defined as

C = A ⊗ B =





a1,1 . . . a1,n
...

. . .
...

am,1 . . . am,n



 ⊗ B =





a1,1 · B . . . a1,n · B
...

. . .
...

am,1 · B . . . am,n · B



 . (2)

The resulting matrixC is of dimension(m · q) × (n · r). For vectorsa ∈ Cn andb ∈ Cm it is analogous defined as

c = a ⊗ b =





a1
...
an



 ⊗





b1
...
bm



 =





a1 · b
...

an · b



 (3)

where the resulting vectorc is of dimensionn ·m. For scalar values the Kronecker product reduces to ordinary multiplication.
In the following we list some important properties of the Kronecker product which we will use in various equations:

1) For matricesA ∈ Cm×n, B ∈ Cn×k, C ∈ Cr×s andD ∈ Cs×t holds:

AB ⊗ CD = (A ⊗ C)(B ⊗ D) (4)

2) For arbitrary matricesA andB holds:

(A ⊗ B)
H

= AH ⊗ BH (5)

3) For arbitrary matricesA, B and a scalarλ ∈ C holds:

A ⊗ (B ⊗ C) = A ⊗ B +A ⊗ C (6)

λ(A ⊗ B) = (λA) ⊗ B = A ⊗ (λB) (7)

4) The Kronecker product is associative. For arbitrary matricesA, B andC holds:

(A ⊗ B) ⊗ C = A ⊗ (B ⊗ C) (8)

5) Commutativity doesnot hold.

The rest of this report is organized as follows: A brief introduction to quantum computing is given in Section II. Here, we
motivate the origin of the system matrices calledHamiltonians. Section III introduces the representation of the Hamiltonian and
the approximation of its eigenvectors. Afterwards we derive the VTA algorithm in Section IV. The arising BLAS operations
are described in Section V. Numerical results of our approach are given in Section VI. The runtime performance is briefly
summarized in Section VII. Finally we conclude in Section VIII and describe areas of future work. Appendix A contains a
class diagram of the implementation while Appendix B describes the command line interface of the VTA test application.
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II. I NTRODUCTION

Conventional computers operate on Bits representing some kind of information. For processing, Bits are stored inregisters
which are arrays of 1 Bit memory cells. The physical representation of a Bit is a voltage level generated by a charged capacitor,
i.e. high level for a logical one and low level for a logical zero. The bitwise logical NOT operation can be implemented by
feeding the voltage of a memory cell to an inverter and savingthe result back to the memory cell. The idea behind quantum
computing is to use properties of particles to represent Bits. If a particle can reside in two different possible states at the time
of observation, the quantum equivalent of a Bit is calledqubit. For example, the spins±1/2 of a nucleus may be interpreted
as logical one and zero. In the same way, the spin of electronsor the polarization of photons may be used. The equivalent to
logic gates used by conventional computers for data processing arequantum gates which modify the properties of individual
particles, i.e. the spin of nuclei.

This Section gives a rough overview of the principles in quantum computing. It is destined to give an idea where the specific
type of system matrices calledHamiltonians originate from, which make up the eigenvalue problems we seek to solve. At first
we consider quantum gates operating on one and two qubits. Afterwards we turn to physical realizations which leads us to the
Hamiltonians. General references for this Section are [5] and [4].

A. Quantum gates

Sticking to the example of nuclei, the two spin states+1/2 and−1/2 can be associated with the unit vectors

|0〉 :=
[

1

0

]
and |1〉 :=

[
0

1

]

living in the Hilbert spaceH = C2. The components of these vectors specify the probabilitiesthat a system remains in either
of two states. The basis vectors given above deterministically specify the spin. While not being observed, a nucleus might also
remain in asuperposition state

|ψ〉 = α|0〉 + β|1〉 with α, β ∈ C and |a|2 + |b|2 = 1.

The principles of quantum mechanics demand that a measurement on |ψ〉 turns out to be either|0〉 with probability |α|2

or |1〉 with probability 1 − |α|2 = |β|2. Consequently, the system is in one of two well-defined states immediately after a
measurement.

A 2-qubit quantum gate is made up of two components each living in its own Hilbert spaceH1 and H2 respectively. The
complete system lives in the Hilbert spaceH = H1 ⊗ H2. Let {|eij〉}

2
j=1 denote an orthonormal basis of the Hilbert space

Hi. The corresponding state vector is then given by

|ψ〉 =
∑

i,j∈{1,2}

γij · (|e1i〉 ⊗ |e2j〉) with
∑

i,j∈{1,2}

|γij |2 = 1 and cij ∈ C.

Note, that for the dimension of the resulting Hilbert spaceH holdsdimH = dimH1 dimH2. A state which can be written
as |ψ〉 = |ψ〉1 ⊗ |ψ〉2 is calledseparable since it can be described as a Kronecker product of two statesliving in their own
Hilbert spaces which make upH. This is not possible for all vectors as can easily be seen by considering the dimensions of the
Hilbert spaces involved. GivenH1 andH2 there are onlydimH1 + dimH2 separable states. However, The dimension of the
resulting Hilbert space isdimH1 dimH2 ≫ dimH1 + dimH2 for higher dimensions. From that we can conclude that most
states are not separable. A concrete example is given in Section III-B. Less mathematically speaking a state vector|ψ〉 ∈ H
is separable if it can be fully described by the states of its components|ψ〉1 ∈ H1 and |ψ〉2 ∈ H2. Otherwise it is called
entangled and refuses a classical description.

Given a state|ψ〉 a quantum gate influences the components of the system in a waysuch that the resulting state|ψ′〉 delivers
the intended result at observation. This transition can be described by the mapping

|ψ〉 = U |ψ′〉

whereU is a unitary matrix. The following two examples describe basic quantum gates and derive their algebraic representation.
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NOT gate:
The most basic non trivial operation on a single qubit is the NOT operation. It is defined as

UNOT : |0〉 → |1〉, |1〉 → |0〉

where the matrixUNOT defines a unitary transformation. It can be obtained by

|0〉〈1| + |1〉〈0| =
[

0 1

1 0

]
=: UNOT .

The effect of the quantum gate is verified by|1〉 = UNOT|0〉 and |0〉 = UNOT|1〉.

CNOT gate:
The most important 2-qubit quantum gate is the controlled NOT (CNOT) operation. It is of special relevance since it can be
used to implement any of the classical logic gates. The CNOT gate flips the second qubit if the first qubit is|1〉 and does
nothing otherwise. A state of the corresponding 2-qubit system is given by one of the unit vectors of the Hilbert spaceH = C4

which are denoted by|00〉, |01〉, |10〉 and |11〉 respectively. The operationUCNOT is then given by

UCNOT : |00〉 → |00〉, |01〉 → |01〉, |10〉 → |11〉, |11〉 → |10〉.

The matrixUCNOT describes another unitary transformation and can be obtained by

|00〉〈00| + |01〉〈01| + |10〉〈11| + |11〉〈10| =





1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0



 := UCNOT .

B. Physical implementation of quantum gates

The algebraic descriptions of quantum gates through unitary transformations leaves the problem of physical implementation
open. A quantum register may be physically represented by a molecule with multiple spins. The spins are fixed under a strong
magnet fieldB0. Using additional time variant magnetic fieldsBi(t) of different frequencies orthogonal toB0 the spins of
individual nuclei can be targeted. The time evolution of such a system is governed by the Schrödinger equation

i~
∂

∂t
|ψ(t)〉 = H̃|ψ(t)〉.

The Hamilton operatorH̃ describes both the influence of the magnetic fields and of the spins on each other. Assumed that
H̃ is time invariant (which is not true), the Schrödinger equation is solved to

|ψ(t)〉 = exp

(
−
i

~
H̃t

)
|ψ(t0)〉 = U(t)|ψ(t0)〉.

The matrixU(t) denotes a unitary transformation as introduced in Section II-A which is also calledtime evolution operator.
Considering the time dependency of̃H makes things more difficult. Under certain assumptions an idealized model leads
to a simplified HamiltonianH. In particular we assume that spins are linearly coupled andonly direct neighbors influence
each other. Furthermore, we can get rid of the time dependency of H̃ by choosing a rotating frame of reference. The new
Hamiltonian for a system withn spins is then given by

H =
n−1∑

i=1

Ji,i+1Iz,i ⊗ Iz,i+1 +
n∑

i=1

ωi (cosφiIx,i + sinφiIy,i) . (9)

The coefficientsJi,i+1 represent the coupling strength between spinsi and i + 1. The symbolIk,i denotes a sequence
I2 ⊗ . . .⊗ Ik ⊗ . . . I2 of Kronecker products withI2 as the two dimensional unit matrix andIk as one of the three Pauli
matricesσx, σy andσz scaled by some constant factor. The first sum in (9) describesthe pairwise interaction between spins
aligned along thez-axis according to the Ising model. The second sum models theinfluence of the orthogonal time variant
magnetic fields whereωi denotes the Lamour frequency andφi the phase shift of thei-th magnetic field.
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III. R EPRESENTATION OF OPERANDS

The dimension of the Hamiltonian and therefore the size of the problem grows exponentially with the number of qubits under
consideration. Therefore, we deal with very large matriceswhich can be constructed following a well-defined scheme. Given
the dimension2P for a system ofP qubits, explicit usage even of vectors is infeasible in regard to both memory requirements
and computational complexity. This Section introduces at first the most general representation of the Hamiltonian. Afterwards
a similar structure for vectors is introduced.

A. Hamiltonian

The HamiltonianH ∈ C2P as introduced in Section II is a hermitian and traceless matrix. For P = 1 the setQ := {σx, σy, σz}
of Pauli matrices makes up a corresponding orthonormal basis under the field(R,+, ·). Scalar coefficients must not be complex
since matrices with complex entries on their main diagonal are not hermitian. Note, that the Pauli matrices are themselves
hermitian and traceless (see (1) for the definition of Pauli matrices). ForP ≥ 1, any hermitian matrixĤ ∈ C2P can then be
written as a weighted sum of Kronecker products

Ĥ =

M∑

m=1

αm · Q(m)
1 ⊗ Q

(m)
2 ⊗ . . .⊗ Q

(m)
P , Q

(m)
k ∈ Q ∪ {I2}, αm ∈ R (10)

whereI2 denotes the unit matrix of dimension 2. Introducing the constraint

∀m = {1, . . . ,m} ∃k ∈ {1, . . . , P} | Q(m)
k 6= I2 (11)

on (10) ensures that̂H is traceless since the Pauli matrices are traceless and for the trace under Kronecker products holds that

tr
(
Ĥ(m)

)
=

P∏

k=1

tr
(
Q

(m)
k

)
. (12)

Equation (10) with constraint (11) therefore gives a decomposition of hermitian traceless matrices into a weighted sumof
Kronecker products between Pauli matrices which is also a suitable representation of the HamiltonianH. In the following we
will implicitly demand that constraint (11) is fulfilled anddenote the Hamiltonian byH.

In general, the Hamiltonian is a sparse matrix. Each summandin (10) has a sparsity of1/2P since the tensor product between
two Pauli matrices (or the identity matrix) gives8 + 4 zero and4 non-zero entries. AssumingM < 2P/2 the Hamiltonian
has stillO(2P ) non-zero entries and is therefore also sparse. The actual sparsity pattern depends on the particle system under
consideration. For a system withP qubits as defined in (9) without the influence of time-variantmagnet fields, the Hamiltonian
takes a sparse band pattern as shown in Figure 1. For physically interesting problems we assumeP > 50 which points out
the unfeasibility of storing the Hamiltonian in an explicitform. Thanks to its special construction scheme storage is not a
problem. Unfortunately, efficient storage makes it impossible to use existing BLAS routines. Instead, a new set of routines for
matrix-vector products is developed and described in more detail in Section V.

(a) P = 4, sparsity≈ 0.2266 (b) P = 5, sparsity≈ 0.1563 (c) P = 6, sparsity≈ 0.0889

Fig. 1: Hamiltonian for particle systems of different sizes.
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y = y1 + y2 =

y
(1)
1

⊗ y
(1)
2

⊗ y
(1)
3

y
(2)
1

⊗ y
(2)
2

+

log2 dimy
(1)
1 = 3 log2 dimy

(1)
2 = 6 log2 dimy

(1)
3 = 3

log2 dimy
(2)
1 = 6 log2 dimy

(2)
2 = 6

Fig. 2: Examplary slicing fory = y
(1)
1 ⊗ y

(1)
2 ⊗ y

(1)
3 + y

(2)
1 ⊗ y

(2)
2 .

B. Vectors

For the eigenvectory∗ we can in general not exploit a special structure. GivenP = 50 a complex vectory would require
approximately 16 PiB of memory using double precision whichis clearly infeasible. To circumvent this problem we decompose
a vectory in a similar way as the matrixH and write it as a sum of Kronecker products of smaller vectors:

y =

J∑

j=1

y(j) =

J∑

j=1

y
(j)
1 ⊗ y

(j)
2 ⊗ . . .⊗ y

(j)
Qj

(13)

We refer toy(j) asKronecker vector and toy(j)
i asslice. There are no restrictions on the dimension of a slice exceptthat the

resulting summandy(j) must match in size withy. Since the dimension ofH is a power of two,dimy(j) and therefore also
dimy

(j)
i are powers of two. An example fory ∈ C212 consisting of two summands is shown in Figure 2.

It is easy to verify that any vector ofC2P can be represented using (13) with at mostJ = 2P summands by choosing
y(j) such that a single entry is non-zero and appropriately scaled. However, this is a rather simplistic upper bound for the
number of summands. In most cases less summands are sufficient. Consider for example the vector[1, 1, 0, 1]T which should
be represented by a sum of Kronecker products:





1

1

0

1



 =

[
1

1

]
⊗

[
1

0

]
+

[
0

1

]
⊗

[
0

1

]
=





1

1

0

0



 +





0

0

0

1





The preceding example gives an exact solution forJ = 2. Note, that it is not possible to write[1, 1, 0, 1]T as a single
Kronecker product of two smaller vectors. It is therefore not a separable vector but a superposition of states. Determining
the number of summands necessary for an exact representation is in general difficult. However, we do not seek for an exact
representation of the eigenvaluey∗ but only for a meaningful close approximation. Using the representation as given in (13)
allows to approximate the eigenvector within some error margin using a few summands. Afterwards, accuracy can be iteratively
improved by adding more summands if needed.

Compared to an explicit representation the memory requirements remain affordable. For example, assume we seek to approxi-
matey∗ ∈ C250 usingJ summands each represented by a sequence of five Kronecker products. Let each slice have210 entries
making a total of5 · 210 values per summand. This corresponds to 80 KiB of memory assuming complex double precision
which allows for thousands of summands. Chances are, that a sufficient close approximation ofy∗ needs onlyJ ≪ 2P . This
unusual representation of the vectors requires custom BLASroutines especially for inner products as we will see in Section V.
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IV. D ERIVATION OF THE VTA ALGORITHM

We consider the eigenvalue problemHy∗ = λy∗ whereH denotes a Hamiltonian of dimension2P ×2P . We are interested in
a numerical method to obtain the smallest eigenvalueλmin. Since the Hamiltonian is a hermitian matrix, the spectral theorem
ensures the existence of a unitary matrixU such thatH = UHΛU whereΛ = diag(λ1, λ2, . . . , λ2P ). We can now write the
Rayleigh quotientr(y) in respect ofH as

r(y) =
yHHy

yHy
=

yH
(
UHΛU

)
y

yH (UHU)y
. (14)

The substitutionξ := Uy gives

r(y) =
ξHΛξ

ξHξ
=

2P∑

i=1

λiξ
2
i

2P∑

i=1

ξ2i

=

2P∑

i=1

ξ2i
2P∑

i=1

ξ2i

λi =

2P∑

i=1

ξ̃iλi. (15)

The matrixU is unitary wherefore the non-negativẽξi must sum up to one. Minimization of (15) yields

argmin
ξ̃i≥0

2P∑

i=1

ξ̃iλi =

{
1, λi = λmin

0, λi 6= λmin
. (16)

The Rayleigh quotient is only defined ifξ 6= 0 wherefore at least onẽξi must be positive. Equation (16) therefore picks the
smallest eigenvalue valueλmin. Consequently, the smallest eigenvalue can be obtained by minimizing the Rayleigh quotient:

λmin = min
y 6=0

yHHy

yHy
(17)

This problem could be solved directly using approved toolboxes. However, even by using the representation ofH as described
in Section III-A we had to deal with an eigenvalue problem of dimension250 for interesting instances which is computationally
infeasible. For this reason we seek for a way to approximate the optimal solutiony∗ of problem (17) with much less
computational effort.

The VTA algorithm iteratively improves a starting solutiony[1] which consists of a single Kronecker vector by adding a
new summand per step. Using a Kronecker vector which is comprised of smaller slices the original problem is transformed
into a sequence of smaller problems. Since any complex vector can be approximated arbitrarily close by a sum of Kronecker
vectors, the VTA algorithm converges againsty∗ after a sufficient number of iterations. Section IV-A concentrates on finding
the starting solutiony[1] consisting of only a single Kronecker vector. Afterwards, Section IV-B extends the approach by
allowing a sum of Kronecker vectors. General reference for this Section is [6].

A. Start approximation

For now we consider the casey[1] = x. In particular,y[1] is a single Kronecker vector of arbitrary slicing. AssumingQ slices
x1, . . .xQ the resulting vector is of dimension

∏Q
i=1 dimxi and can be written as

x = x1 ⊗ x2 ⊗ . . .⊗ xQ (18)

= xL ⊗ xi ⊗ xR.

The vectorsxL andxR are shorthand representations of the Kronecker products onthe left and right side of slicexi. The
HamiltonianH ∈ C2P ×2P can be written in a similar form as

H =

M∑

m=1

αm · Q(m)
1 ⊗ Q

(m)
2 ⊗ . . .⊗ Q

(m)
P (19)

=
M∑

m=1

αm · Q(m)
L ⊗ Q

(m)
i ⊗ Q

(m)
R .
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This allows us to work with slicexi while considering other slices as constant vectors. Inserting (18) and (19) into the original
optimization problem (17) yields:

min
x6=0

xHHx

xHx

·
= min

xi 6=0

(xL ⊗ xi ⊗ xR)
H

(
M∑

m=1

αm · Q(m)
L ⊗ Q

(m)
i ⊗ Q

(m)
R

)

(xL ⊗ xi ⊗ xR)

(xL ⊗ xi ⊗ xR)H(xL ⊗ xi ⊗ xR)
(20)

= min
xi 6=0

M∑

m=1

αm ·
(
xH
LQ

(m)
L xL

) (
xH
i Q

(m)
i xi

) (
xH
RQ

(m)
R xR

)

(xH
L xL)(xH

i xi)(xH
RxR)

= min
xi 6=0

xH
i




M∑

m=1

αm

(
xH
LQ

(m)
L xL

) (
xH
RQ

(m)
R xR

)

(xH
L xL)(xH

RxR)
Q

(m)
i



xi

xH
i xi

= min
xi 6=0

xH
i

(
M∑

m=0

αm
LmRm

γLγR
Q

(m)
i

)

xi

xH
i xi

= min
xi 6=0

xH
i Hixi

xH
i xi

(21)

We refer toHi in (21) as theeffective Hamiltonian which depends on the slicexi being optimized, the scalar valuesγL,
γR and the productsxH

LQ
(m)
L xL andxH

RQ
(m)
R xR. The latter two additionally depend on the sum indexm. Equation 21 is

another eigenvalue problem which is reduced to dimensiondimxi. For example, we reduce a single eigenvalue problem of
dimension250 to a sequence of five eigenvalue problems of dimension210. Since only a single slice is optimized in each
iteration, we refer to (21) aslocal optimization. Due to the reduced size, this problem can be solved efficiently using existing
solvers (Krylov based methods). In general, the exact eigenvalue y∗ cannot be obtained by (21) sincex as defined in (18)
does not span the vector fieldC2P . The optimal valuey[1] := x∗ is at best a first approximation ofy∗. To obtain a tighter
approximation we now extend the space of solutions by stepwise adding new summands.

B. Improving precision

To allow for a tighter approximation of the real eigenvaluey∗ we now consider further approximationsy[J ] for J > 0. These
consist ofJ − 1 preceding solutions which are considered as constants plusan additional new summand which is optimized
in the J-th step. For ease of notation we demand equal slicing of all Kronecker vectors for now. The approximationy[J ] can
therefore be written as

y[J ] = xL ⊗ xi ⊗ xR +
J−1∑

j=1

y
(j)
L ⊗ y

(j)
i ⊗ y

(j)
R . (22)

Basically, we only have to insert (22) into the original problem (17) as we did it before. Unfortunately, the calculationis a
bit cumbersome wherefore we consider nominator and denominator of the Rayleigh quotient separately. We begin with the
denominatoryHy:

yHy =

(

xL ⊗ xi ⊗ xR +
J−1∑

j=1

y(j)
L ⊗ y(j)

i ⊗ y(j)
R

)H (

xL ⊗ xi ⊗ xR +
J−1∑

j=1

y(j)
L ⊗ y(j)

i ⊗ y(j)
R

)

= (xL ⊗ xi ⊗ xR)H (xL ⊗ xi ⊗ xR) + (xL ⊗ xi ⊗ xR)H

(
J−1∑

j=1

y(j)
L ⊗ y(j)

i ⊗ y(j)
R

)

+

(
J−1∑

j=1

y(j)
L ⊗ y(j)

i ⊗ y(j)
R

)H

(xL ⊗ xi ⊗ xR) +

(
J−1∑

j=1

y(j)
L ⊗ y(j)

i ⊗ y(j)
R

)H (J−1∑

j=1

y(j)
L ⊗ y(j)

i ⊗ y(j)
R

)

=
(

xH
L xL

)(
xH

R xR

)(
xH

i xi

)
+

[
J−1∑

j=1

yi

(
xH

L y(j)
L

)(
xH

R y(j)
R

)]H

xi + xH
i

[
J−1∑

j=1

yi

(
xH

L y(j)
L

)(
xH

R y(j)
R

)]

+
J−1∑

j=1

J−1∑

k=1

y(j)Hy(j)

= γ
(

xH
i xi

)
+ vHxi + xH

i v + ̺ (23)



10

The same calculation is done for the nominator:

yHHy =

(

xL ⊗ xi ⊗ xR +
J−1∑

j=1

y(j)
L ⊗ y(j)

i ⊗ y(j)
R

)H ( M∑

m=1

αm · Q(m)
L ⊗ Q(m)

i ⊗ Q(m)
R

)(

xL ⊗ xi ⊗ xR +
J−1∑

j=1

y(j)
L ⊗ y(j)

i ⊗ y(j)
R

)

=
M∑

m=1

αm (xL ⊗ xi ⊗ xR)H
(

Q(m)
L ⊗ Q(m)

i ⊗ Q(m)
R

)
(xL ⊗ xi ⊗ xR)

+
J−1∑

j=1

M∑

m=1

αm (xL ⊗ xi ⊗ xR)H
(

Q(m)
L ⊗ Q(m)

i ⊗ Q(m)
R

)(
y(j)

L ⊗ y(j)
i ⊗ y(j)

R

)

+
J−1∑

j=1

M∑

m=1

αm

(
y(j)

L ⊗ y(j)
i ⊗ y(j)

R

)H (
Q(m)

L ⊗ Q(m)
i ⊗ Q(m)

R

)
(xL ⊗ xi ⊗ xR)

+
J−1∑

j=1

J−1∑

k=1

M∑

m=1

αm

(
y(j)

L ⊗ y(j)
i ⊗ y(j)

R

)H (
Q(m)

L ⊗ Q(m)
i ⊗ Q(m)

R

)(
y(k)

L ⊗ y(k)
i ⊗ y(k)

R

)

= xH
i

(
M∑

m=1

αm

(
xLQ(m)

L xR

)(
xRQ(m)

R xR

)
Q(m)

i

)

xi +

[
J−1∑

j=1

M∑

m=1

(
xH

L Q(m)
L y(j)

L

)(
xH

R Q(m)
R y(j)

R

)(
Q(m)

i y(j)
i

)]H

xi

+ xH
i

[
J−1∑

j=1

M∑

m=1

(
xH

L Q(m)
L y(j)

L

)(
xH

R Q(m)
R y(j)

R

)(
Q(m)

i y(j)
i

)]

+
J−1∑

j=1

J−1∑

k=1

M∑

m=1

αm · y(j)HQ(m)y(k)

= xH
i H ′

ixi + uHxi + xH
i u + β (24)

Putting the results from (23) and (24) together we finally obtain a new representation of the Rayleigh quotient:

yHHy

yHy
=

xH
i H ′

ixi + uHxi + xH
i u+ β

γ
(
xH
i xi

)
+ vHxi + xH

i v + ̺
=

[xi 1]
[

Hi u

uH β

] [
xi

1

]

[
xH
i 1

] [
γI v

vH ̺

] [
xi

1

] =
ζHAζ

ζHBζ
(25)

Apart from matrixB in the denominator, Equation (25) is another eigenvalue problem. To eliminate the matrix we use the
following decomposition:

B = LLH =

[
L̃ 0

wH α

] [
L̃H w

0 α

]
=




L̃L̃H L̃w

(
L̃w

)H

wHw + αα



 !
=

[
γI v

vH ̺

]

Expressions for̃L, w andα can be found easily. The matrixL is then given by

L =

[ √
γI 0

1/√
γvH

√
̺− 1/γvHv

]
. (26)

The inverse ofL exists if
√
̺− 1

γv
Hv 6= 0 and is analytically given by

L−1 =

[
1/√

γI 0
− 1

γ
√

̺−1/γvHv
vH 1√

̺−1/γvHv

]

. (27)

Using these results and the substitutionη = LHζ we can rewrite (25) as

ζHAζ

ζHBζ
=

ζHAζ

(LHζ)
H
(LHζ)

=
ηHL−1AL−Hη

ηHη
(28)

whereL−H denotes the hermitian ofL−1. Equation (28) is now a standard eigenvalue problem which can be solved using
existing libraries.
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So far we assumed that all summands ofy are equally sliced. If we allow a sum of arbitrarily sliced vectors, partitioning of
y as given by (22) is no longer possible. In its most general form, y[J ] is given as

y[J ] = xL ⊗ xi ⊗ xR +
J−1∑

J=1

y
(j)
1 ⊗ . . .⊗ y

(j)
Qj

(29)

whereQj denotes the number of slices of thej-th vector. Given this generalization some of the products in (23) and (24)
refuse compact notation since we find no longer matching slices forxi. In particular, the expressions foru andv are no longer
valid. In a similar way, the calculation of̺ as a sum of scalar product of unequally sliced vectors becomes more difficult.
A formal description of these products is skipped here but can be found in [1]. Instead, we focus on the insight of how to
calculate these products in the next Section.

C. Outline of the VTA algorithm

Using the results of the previous Sections we can give an algorithm which calculates an arbitrary close approximationy of
the eigenvectory∗ and its corresponding eigenvalueλ∗

min. The outline of the VTA algorithm is shown below:

Phase 1:Calculate a start solutiony[1] = x

by solving (21) for all slicesi = 1, . . . , Q1.

Iterating multiple times over the whole vector

x improves the solution since all but the

current slicei are considered constant. After

reaching the maximum number of iterations

(or some numerical break criterion), the vector

x is accepted as first approximation and the

algorithm turns over in phase 2.

Phase 2:The starting solution is set to

the current approximationy[1] and a new

summandx is added. Afterwards, the new

summandx is optimized while considering

the other summand as constant. This results in

problem (25) which can be transformed into

another eigenvalue problem as described in

Section IV-B. This in turn can be solved for

each slicexi individually. Multiple iterations

over the new summand again improve the

approximation. Finally, after reaching the

maximum number of iterations (or some

numerical break criterion), the summandx

is accepted and considered as constant while

another one is added. This continues until

some final break condition is reached.

x := 1, i := J := iter := 1

xi := argmin
xi 6=0

xH
i Hixi

xH
i xi

i := i + 1

i < Q1

iter > max

iter := iter + 1

i := 1

yJ := x, x := 1, J := J + 1

y[J] := x +

J−1∑

j=1

yj

i := iter := 1

J < #vector

xi := argmin
xi 6=0

[xi 1]
[

Hi u
uH β

] [
xi

1

]

[
xH

i 1
] [

γI v
vH ̺

] [
xi

1

]

i := i + 1

i < QJ

iter > max

iter := iter + 1

i := 1

return y

no

yes

no

yes

no

yes

no

no

yes
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V. CUSTOM BLAS ROUTINES

This section focuses on the new BLAS routines necessary due to the special layout of operands. At first we will briefly discuss
the scalar product of Kronecker vectors with matching slices and how a slice can be excluded from the product. Afterwards
we turn toward the case of unequal slicing. Finally, the products between the Hamiltonian and vectors are discussed in Section
V-E and V-F.

A. Inner product between Kronecker vectors with matching slices

The inner product of two Kronecker vectors

x = x1 ⊗ . . .⊗ xn and y = y1 ⊗ . . .⊗ yn (30)

of the same size with matching slices (dimxi = dimyi ∀i ∈ {1, . . . , n}) is easy to calculate. According to the properties of
the Kronecker product as given by (4) and (5) it reduces to a series of scalar products between slices:

xHy = (x1 ⊗ . . .⊗ xn)
H
(y1 ⊗ . . .⊗ yn) = (x1y1) ⊗ . . .⊗

(
xH
n yn

)
=

n∏

j=1

xH
j yj (31)

Note, that the Kronecker product between scalar values reduces to multiplication.

B. Inner product between Kronecker vectors with matching slices and excludes

Sometimes it is required to calculate the inner product between two Kronecker vectors

x = x1 ⊗ . . .⊗ xi ⊗ . . .⊗ xn and y = y1 ⊗ . . .⊗ yi ⊗ . . .⊗ yn (32)

while excluding the slicexi from multiplication. Provided that the slicing of both vectors match, we can easily calculate the
scalar products on the right and left side ofxi:

xHy =(x1 ⊗ . . .⊗ xi ⊗ . . .⊗ xn)
H
(y1 ⊗ . . .⊗ yi ⊗ . . .⊗ yn) (33)

=(x1y1) ⊗ . . .⊗
(
xH
i yi

)
⊗ . . .⊗

(
xH
n yn

)
= xH

i



yi

n∏

j=1,j 6=i

xH
j yj



 = xH
i ỹi

The dimension of the resulting vector̃yi corresponds to the dimension of the excluded slicexi.

C. Inner product between Kronecker vectors with unequal slices

We consider again the inner productxHy. For Kronecker vectors of arbitrary slicing it is no longer possible to reduce it to a
series of scalar products between slices. Consider the Kronecker vectors

x = x1 ⊗ . . .⊗ xn and y = y1 ⊗ . . .⊗ ym (34)

wheredimx = dimy but in generaldimxi 6= dimyj . The inner productxHy can be calculated by iterativelycontracting
the larger of the two right-most slices. Letdimxn = k anddimxm = l. In each step we have to differentiate between the
following two cases (exemplarily given for the first step only):

k ≤ l : xHy =(x1 ⊗ . . .⊗ xn−1 ⊗ xn)
H
(y1 ⊗ . . .⊗ ym−1 ⊗ ym)

= (x1 ⊗ . . .⊗ xn−1)
H



y1 ⊗ . . .⊗ ym−1 ⊗





ym,1 . . . ym,k

...
.. .

...
ym,l−k . . . ym,l









xn,1
...

xn,k









=(x1 ⊗ . . .⊗ xn−1)
H
(y1 ⊗ . . .⊗ ym−1 ⊗ ỹm)

k > l : xHy =(x1 ⊗ . . .⊗ xn−1 ⊗ xn)
H
(y1 ⊗ . . .⊗ ym−1 ⊗ ym)

=



x1 ⊗ . . .⊗ xn−1 ⊗





xn,1 . . . xn,l
...

. . .
...

xn,k−l . . . xn,k









ym,1
...

ym,l









H

(y1 ⊗ . . .⊗ ym−1)

= (x1 ⊗ . . .⊗ xn−1 ⊗ x̃n)
H
(y1 ⊗ . . .⊗ ym−1)
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x1, dim = 23 ⊗ x2, dim = 26 ⊗ x3, dim = 23

y1, dim = 26 ⊗ y2, dim = 26

(a)

x1, dim = 23 ⊗ x2, dim = 26

y1, dim = 26 ⊗ ỹ2, dim = 23

(b)

x1, dim = 23 ⊗ x̃2, dim = 23

y1, dim = 26

(c)

x1, dim = 23

ỹ1, dim = 23

(d)

Fig. 3: Example: Inner product betweenxHy = (x1 ⊗ x2 ⊗ x3) (y1 ⊗ y2). Subfigure (a) shows the first step wherex3 is
multiplied with y2 resulting in a contraction and a smaller sliceỹ2. Afterwards, slicex2 is contracted in (b) by multiplication
with slice ỹ2. The process is continued until two slices of matching size remain (d).

The inner product can therefore be expressed by a sequence ofmatrix-vector products where the dimensions of the matrices
are always determined by the size of the smaller slices. The size of the resulting vector is given byl/k in case ofk ≤ l

respectivelyk/l for k > l which is why we call itcontraction. Two slices of equal size are reduced to a scalar value which
scales another slice in the subsequent step. A concrete example is shown in Figure 3.

D. Inner product between Kronecker vectors with unequal slices and excludes

The most complicated variant is the inner product ofxHy where a specific slicexi should be excluded from multiplication.
We can start again by contracting the larger slice in each step beginning on the right side until we hit the slicexi:

xHy = (x1 ⊗ . . .xn) (y1 ⊗ . . .⊗ ym)

= (x1 ⊗ . . .⊗ xi ⊗ x̃i+1) (y1 ⊗ . . .⊗ ỹq)

= (x1 ⊗ . . .⊗ xi)
(
y1 ⊗ . . .⊗ ỹ′

q

)

At this point we turn over and start the contraction from the left-hand side. Again we decompose the larger slice into a matrix
which matches in dimension with the smaller slice. Givenk = dimx1 andl = dimy1 the first step of the contraction is given
as follows:

k ≤ l : (x1 ⊗ . . .⊗ xi)
(
y1 ⊗ . . .⊗ ỹ′

q

)
=(x2 ⊗ . . .⊗ xi)

H









y1,1 . . . y1,k
...

. . .
...

y1,l−k . . . y1,l





T 



x1,1
...

x1,k



 ⊗ y2 ⊗ . . .⊗ ỹ′
q





=(x2 ⊗ . . .⊗ xi)
H (

ỹ1 ⊗ y2 ⊗ . . .⊗ ỹ′
q

)

k > l : (x1 ⊗ . . .⊗ xi)
(
y1 ⊗ . . .⊗ ỹ′

q

)
=









x1,1 . . . x1,l
...

. . .
...

x1,k−l . . . x1,k





T 



y1,1
...
y1,l



x2 ⊗ . . .⊗ xi





H

(
y2 ⊗ . . .⊗ ỹ′

q

)

=(x̃1 ⊗ x2 ⊗ . . .⊗ xi)
H (

y2 ⊗ . . .⊗ ỹ′
q

)

Contraction continues until we hitxi from left again. Depending on the dimensions of the right-most slice ofy and the
excluded slice we have to differentiate between the following two cases:

1) dim ỹ′
q ≤ dimxi : x

Hy = xH
i

(
ỹ′
r ⊗ . . .⊗ ỹ′

q

)

2) dim ỹ′
q > dimxi : x

Hy = (xi−1 ⊗ xi)
H
ỹ′
q = xH

i ỹ′′
q

Case 1) is depicted in Figure 4a. The excluded slicexi overlaps at least two slices ofy. Multiple special cases can arise
here. In general, we have to build the Kronecker product between the remaining slices ofy. Note, that both̃y′

r and ỹ′
q might

degenerate to scalar values. The situation of case 2) is shown in Figure 4b. Sliceyq is contracted from both sides.
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x̃i−1 ⊗ xi

ỹr ⊗ . . .⊗ ỹ
′
q

 

x̃i

ỹ
′
r ⊗ . . .⊗ ỹ

′
q

(a) dim ỹ′
q ≤ dimxi

x̃i−1 ⊗ xi

ỹr = ỹ
′
q

 

x̃i−1

ỹ
′′
q

(b) dim ỹ′
q > dimxi

Fig. 4: Contraction from the left side after contraction from the right side has been completed.

E. Product between a Hamiltonian and a normal vector

The product between a HamiltonianH and a normal vectorx is given by

Hx =

M∑

m=1

αm ·
(
Q

(m)
1 ⊗ Q

(m)
2 ⊗ . . .⊗ Q

(m)
P

)
x, Qi ∈ Q. (35)

First, we note that each summandH(m) has exactly one non-zero entryhi,j ∈ {±1,±i} per row and column which is
additionally scaled by a single factorαm. Therefore, the summandsH(m) are basically permutation matrices. We can further
decompose a single summandH(m) into

αmH(m) = αm ·
(
Q

(m)
1 ⊗ Q

(m)
2 ⊗ . . .⊗ Q

(m)
P

)
= αm ·

P∏

i=1

I2 ⊗ . . . I2︸ ︷︷ ︸
i−1 times

⊗Q(m)
i ⊗ I2 ⊗ . . .⊗ I2︸ ︷︷ ︸

P−i times

. (36)

Note, that forQi = I2 the correspondingi-th product has no effect. LetX ⊆ {1, . . . , P} denote the set of indices for which
Qi 6= I2. Then we can write the productHx as

M∑

m=1

H(m)x =

M∑

m=1

[(
∏

i∈X

Ĥ
(m)
i

)

· x

]

. (37)

Equation (37) only consists of permutations and some scaling operations. We now derive an efficient way to calculate this
product by considering some concrete examples. Assumem = 1, α1 = 1 andP = 3. The vectorx has thus eight components
which we index asx0, . . . , x7. Consider the three Hamiltonians

Ĥ1 = σx ⊗ I2 ⊗ I2, Ĥ2 = I2 ⊗ σx ⊗ I2, Ĥ3 = I2 ⊗ I2 ⊗ σx.

Depending on the positioni of the Pauli matrixQi 6= I2 the permutation matrix takes a different shape. The permutations are
illustrated in Figure 5. Chaining of these permutations gives the final result. This can be calculated easily by a sequence of

x0 x1 x2 x3 x4 x5 x6 x7

x0 x1 x2 x3 x4 x5 x6 x7

(a) Permutation defined bŷH1

x0 x1 x2 x3 x4 x5 x6 x7

x0 x1 x2 x3 x4 x5 x6 x7

(b) Permutation defined bŷH2

x0 x1 x2 x3 x4 x5 x6 x7

x0 x1 x2 x3 x4 x5 x6 x7

(c) Permutation defined bŷH3

Fig. 5: Permutations defined by Hamiltonians consisting of2 × 2 identiy matrices with a singleσx at thei-th position.

logic operations. Assume we seek to calculate then-th componentx′
n of x′ = Ĥ1Ĥ2Ĥ3x. Consider the binary representation

of n which consists of three bits in our example. Letn(2)[i] denote thei-th bit in the binary representation ofn beginning
with the highest order bit, i.e.n(2)[1]. The matrixĤ1 obviously adds an offset of four ifn < 4 or subtracts an offset of four
if n ≥ 4. This corresponds to the logical operationn(2)[1] XOR 1. In a similar wayĤ2 adds or subtracts an offset of two. In
general, the effect of a Pauli matrixσx at positioni is given byn(2)[i] XOR 1.
Similar rules can be derived for the other two Pauli matrices. However, scaling must be considered forσy andσz which can be
achieved easily by using a temporary variableν which accumulates all scaling factors. After the componentxk of the original
vectorx has been determined, scaling is done byx′

n = xk · ν. The productH(m)x therefore requiresdim(x) · P operations.
Thus, the productHx can be calculated withO(dim(x) ·mP ) operations.
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F. Product between a Hamiltonian and a Kronecker vector

Let x be a Kronecker vector of arbitrary slicing such that it matches in dimension with the HamiltionianH. Note, that for
this reason the dimension of each slice has to be a power of two. Consequently, we can write the product as

Hx =

(
M∑

m=1

αm · Q(m)
1 ⊗ . . .⊗ Q

(m)
P

)

· (x1 ⊗ · · · ⊗ xQ)

=

M∑

m=1

αm · Q̃(m)
1 x1 ⊗ . . .⊗ Q̃

(m)
Q xQ. (38)

Thereby the original product is decomposed into a sequence of Q products between matricesQ(m)
j made up exclusively of

Pauli matrices and ordinary vectorsxj (slices). These we can calculated as outlined in Section V-E.

VI. N UMERICAL RESULTS

To analyze the speed of convergence we rely on the relative error e(J, i) which we define as

e(J, i) =
λ[J, i] − λ∗

λ∗ . (39)

Here, the valueλ[J, i] denotes the approximation of the eigenvalue in thei-th iteration usingJ summands. We fix the number
of iterations per summand to a constant value to point out eventual benefits of passing multiple times over a new summand.
If the individual iterations for a given summand are not of interest, we use the relative errore(J) which denotes the relative
error usingJ summands after the active summand has been optimized for a constant number of iterations. The Hamiltonians
in use are based on the 1D-Ising model and consist ofM = 2P − 1 summands. The coefficientsαm are all set to1. This way
we can rely on known eigenvalue approximations obtained by MPS [3] even for problems which are too large to be solved
exactly.

Section VI-A investigates the influence of slice sizes on thespeed of convergence. Section VI-B considers sequences of
overlapping slice patterns. In Section VI-C we derive an optimized sequence of overlapping slice patterns for some concrete
examples. Finally, Section VI-D summarizes results for a large problem (P = 100) using different pattern sequences.

A. Non-overlapping slice sequences

To show the tremendous influence of the slice sizes we choose Hamiltonians forP ∈ {10, 20, 30} and calculate the ap-
proximation of the eigenvalue using three different slice patterns for each size. The results for up to 20 summands with ten
iterations per summand are shown in Figure 6. Patterns usinglarge slices generally outperform patterns with smaller slices.
This is no surprise since larger slices offer considerably more degrees of freedom for optimization. For example, pattern A for
P = 10 is given as[5, 5] and offers2 · 25 = 64 degrees of freedom compared to pattern B given as[4, 2, 4] which only offers
2 · 24 +22 = 36 degrees of freedom. Consequently, large slices should be preferred as long as the underlying hardware is able
to solve the subproblems in affordable time. Using smaller slices but more summands is not a good idea when it comes to
computation time because each additional summand slows down vector operations. There is no general rule for the tradeoff
between slice sizes and number of summands since it depends on the hardware in use.
In this example we fixed the number of iterations to ten per summand. However, the results show some kind of step function.
This suggests to use a numerical break condition, e.g. if therelative change between thei-th and(i− 1)-th iteration is smaller
than some threshold. Unfortunately, there is an anomaly which prevents such a break criterion. Consider for example pattern
A at J = 2 in Figure 6b. As one would suspect, the approximation is immediately improved by the new summand. This is not
the case forJ = 8. Here, it takes multiple iterations before the new summand affects the approximation. A break condition
as described before would eventually skip iterations whichlead to a significant improvement. The reason of this behavior is
unclear but we suspect that the optimization gets stuck in a local minimum which might got over after a sufficient number of
iterations. This makes it difficult to use a numerical break condition since small changes over the last optimization steps do
not necessarily indicate that the current slice is near an optimal value.
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J

e(J, i)

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Pattern A: [5,5]

Pattern B: [4,2,4]
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Fig. 6: Relative error for different problem sizes using non-overlapping slice patterns.
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B. Overlapping slice sequences

So far we only considered sequences of a single slice patternfor all summands. For patterns using slices of different sizes
like [3, 4, 3] or [7, 6, 7] hopes are that we can improve precision by choosing shifted patterns. This adds more degrees of
freedom to optimization since the subspace spanned by Kronecker vectors using the slice pattern[3, 4, 3] is different from the
one spanned by other vectors using the pattern[4, 3, 3] or [3, 3, 4]. To investigate the benefits of overlapping slice patterns we
choose Hamiltonians of sizeP ∈ {10, 20}. The tests were performed using the following sequences:

• P = 10:

– Sequence A consits exclusively of the pattern[3, 4, 3].
– Sequence B uses periodically shifted patterns, i.e.[4, 3, 3][3, 4, 3][3, 3, 4][4, 3, 3] . . .

– Sequence C uses 20 times pattern[4, 3, 3], afterwards 20 times[3, 4, 3] and finally 20 times[3, 3, 4].

• P = 20:

– Sequence A consits exclusively of the pattern[7, 6, 7].
– Sequence B uses periodically shifted patterns, i.e.[6, 7, 7][7, 6, 7][7, 7, 6][6, 7, 7] . . .

– Sequence C uses 20 times pattern[6, 7, 7], afterwards 20 times[7, 6, 7] and finally 20 times[7, 7, 6].

The sequences forP = 20 are defined analogous. The results for up to 60 summands are shown in Figure 7. In both cases,
sequence B is the worst one. However, the differences between A and C are small and may be compensated by a small number
of additional summands. Nevertheless, these examples showthat the sequence of overlapping patterns has an influence onthe
speed of convergence. In the next Section we try to find an optimized sequence which outperforms non-overlapping sequences.
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Fig. 7: Relative error for different problem sizes using overlapping slice patterns.

C. Optimized sequence of overlapping slices

To investigate which improvement might be obtained using overlapping we now try to determine an optimized sequence of
patterns for the examples introduced in Section VI-B. We useagain Hamiltonians of sizeP ∈ {10, 20}. The patterns we
choose from are as follows:

• [4, 3, 3], [3, 4, 3] and [3, 3, 4] for P = 10

• [6, 7, 7], [7, 6, 7] and [7, 7, 6] for P = 20

For each new summand we test all three patterns using ten iterations and choose the one which minimizes the relative error
e(J). This results in some kind of greedy algorithm as depicted inFigure 8 (the optimal path is highlighted). Note, that
this scheme is only a heuristic for an optimal sequence. Since we do not test all possibilities, there is no way to be sure that
another path would not lead to a better result. According to the results there is no obvious rule to choose an optimized sequence
without testing all possible patterns for a new summand. However, once such a sequence is found it leads to improved results
compared to non-overlapping sequences consisting of only asingle pattern as shown in Figure 10. Here, we compare the
optimized sequence with the three sequences defined in Section VI-B. Unfortunately, such an optimization is useless without
a predictor for the next pattern in a sequence. Probing patterns is computationally too expensive for large problems.
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Fig. 8: Finding an optimized sequence of overlapping slice patterns using a greedy approach.
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Fig. 9: Optimized slice pattern with overlaps (yellow) vs. non-overlapping slices.
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D. Large problem

Finally, Figure 9 presents first results for a large problem (P = 100). We used the following three slice sequences:

• Sequence A: [20,20,20,20,20] only
• Sequence B: [20,20,20,20,20][20,20,20,20,20][10,10,10,10,10,10,10,10,10,10][10,10,10,10,10,10,10,10,10,10] repeated
• Sequence C: [10,10,10,10,10,10,10,10,10,10] only

It is important to note that for the sequences A and B a dynamicbreak criterion was active which skipped further iterations
if the relative delta between thei-th and(i− 1)-th iteration was smaller than10−7. As mentioned in Section VI-A it is likely
that convergence for these two sequences could have been better using a fixed number of iterations. For sequence C we used
ten iterations per new summand. Again, it is not surprising that larger slices lead to better results. However, the slopeof the
lines is interesting since the improvement per new summand seems to be independent of the slice size. This is probably not
the case but a result of the break criterion. In fact, sequence C would not converge at all if the criterion was used here. This
can be seen at the behavior of sequence B when looking at the2 ≤ J ≤ 4 and 6 ≤ J ≤ 8 where the error remains almost
constant. In both cases, the new summands use the tenner pattern. However, even the 20s pattern (sequence A) suffers from
the break criterion as can be seen for4 ≤ J ≤ 6. Additionally one should keep in mind that calculating sequence C takes less
than one hour while sequence A needs several days. This demonstrates that the current numerical break condition is useless.
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Fig. 10: Results forP = 100 using different slice sequences.

VII. PERFORMANCE RESULTS

This Section briefly summarizes the performance of the VTA algorithm. We used two different systems for evaluation:

1) Dual Intel Xeon X5355 (2.66GHz, 8 cores, codename Clovertown)
Intel compiler v10.1.011

2) Dual Intel Xeon L5520 (2.26GHz, 8 cores, codename Nehalem)
Intel compiler v11.1.064

Both systems were running 64 Bit Linux. The VTA test application was compiled using the-O3 and -ipo flags for
optimization. The time was measured using a simple wall-clock approach. Table I shows results for different problem sizes,
slice patterns and thread counts. The speedupSn usingn threads this defined as

Sn =
T1
Tn

(40)

whereT1 denotes the time needed for the sequential algorithm andTn denotes the time needed by the parallel algorithm using
n threads. Since we are using the sequential eigenvalue solver ARPACK++ for subproblems we cannot achieve linear speedup.
In fact, parallelization at this time is limited to the custom matrix-vector products between Hamiltonians and Kronecker vectors
using OpenMP. These are also used by ARPACK++. Consequently, there is a fractionp of the code which can be run in parallel
while the rest of the program is sequential code. Amdahl’s law gives an upper boundSn,max for the speedup depending onp
when usingn threads:

Sn,max =
1

(1 − p) + p
n

(41)

Finding a good estimate forp is difficult. One possibility is to use the measured speedup for 2 threads for an extrapolation of
the possible speedup forn threads. However, the speedup for two threads already contains overhead induced by parallelization.
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P Pattern Threads Time Speedup
30 [10,10,10] 1 0m52.387s 1.00
30 [10,10,10] 2 0m36.207s 1.44
30 [10,10,10] 4 0m25.905s 2.02
30 [10,10,10] 8 0m19.965s 2.62
60 [15,15,15,15] 1 101m53.073s 1.00
60 [15,15,15,15] 2 63m41.364s 1.60
60 [15,15,15,15] 4 45m31.483s 2.34
60 [15,15,15,15] 8 33m37.094s 3.03

(a) Dual Intel Xeon X5355 (2.66GHz)

P Pattern Threads Time Speedup
30 [10,10,10] 1 0m46.431s 1.00
30 [10,10,10] 2 0m29.022s 1.60
30 [10,10,10] 4 0m20.413s 2.27
30 [10,10,10] 8 0m16.006s 2.90
60 [15,15,15,15] 1 83m30.088s 1.00
60 [15,15,15,15] 2 50m45.998s 1.64
60 [15,15,15,15] 4 34m54.362s 2.39
60 [15,15,15,15] 8 26m15.854s 3.18

(b) Dual Intel Xeon L5520 (2.26GHz)

TABLE I: Computation time and speedup with multiple threadsfor different problems.

For this reason one cannot expect that extrapolation gives an upper bound. Instead, we used VTune [2] to determinep. Although
p depends on the slice size we found that for10 ≤ P ≤ 17 a fractionp ≈ 0.85 is spent in parallelized routines and their
subroutines. Using this as an estimate we obtainS8,max ≈ 3.90 as an upper bound for the speedup using Amdahl’s law. For
comparison, we currently obtain a maximum speedup of3.03 respectively3.18 on the test platforms.

VIII. C ONCLUSION

In this work we presented a general approach to approximate the eigenvalue of arbitrary hermitian matrices of dimension
2P × 2P . The key of our approach is a decomposition of the large eigenvalue problem into a sequence of smaller ones which
can be solved by approved algorithms. The most important criterion for the quality of the approximation is the size of the
slices the eigenvector consists of. This directly corresponds to the dimension of the subproblems and conflicts with theeffort
to decompose the large problem. In general, larger slices should be preferred as long as the computational complexity remains
affordable. For todays workstations, slices of size10 ≤ P ≤ 15 proved to be a good compromise between improvement in
precision per step and processing time. The biggest problemof our approach is the lack of a reliable numerical break condition.
As shown in Section VI-A, small changes between iterations are not a reliable indicator that the current approximation is near
an optimal value.

For this reason, finding a more suitable break condition is part of future work. Another promising improvement are periodic
boundaries of Kronecker vectors [7] which would allow overlaps between identical slice patterns. This way, overlapping at the
beginning and end of vectors become possible which might increase the benefit of overlapping.
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APPENDIX A
IMPLEMENTATIONAL OVERVIEW

A top level class diagram of the VTA test application is shownby Figure 11. The central class is the HamiltonianEVSolver which
puts all parts together and implements the algorithm as outlined in Section IV. It relies on an instance of class Hamiltonian and a
list of Kronecker vectors which represent the current eigenvector approximation. The layout of the Kronecker vectors is defined
by an instance of class SlicePattern which is passed to the solver. It is also responsible to reduce Equation 20 and Equation 25 to
eigenvalue problems by calculating the necessary values. These are used to create instances of the classes EffectiveHamiltonian
and ExtendedHamiltonion repsectively which in turn offer compatible interfaces for matrix-vector products as neededby
ARPACK++. Afterwards, the instance of HamiltonianEVSolver can create an instance of ARComStdEig which defines a
complex eigenvalue problem for ARPACK++. Passing the appropriate instance of EffectiveHamiltonian or ExtendedHamiltonion
to this problem makes it possible for ARPACK++ to use our custom BLAS routines. These do not belong to a specific class.
Instead, all operands required are passed to the BLAS routines. The data elements are accessed through inlined routinesto
keep object orientation alive.

For more details regarding the implementation please referto the accompanying Doxygen documentation and the detailed
comments contained in the sources.

APPENDIX B
INSTALLATION AND USAGE INSTRUCTION FOR THEVTA TEST APPLICATION

Compilation

1) Obtain the tarballvta.tar.gz and decompress the archive:
tar -xzvf vta.tar.gz

2) Change into the subfoldervta/build. The build process is based on CMake which must be available on your system.
Out of the box, the default compiler of your system will be used (probably the GNU C++). Alternatively, you can specify
the Intel optimization compiler. Create the build files:
cmake .. or CXX=icpc cmake ..

3) Build the application:
make

Afterwards, the binaryvta should be located in the build directory.

-int P

-int M

-double alpha[]

-char tensor[]

Hamiltonian

-int qnum

-int qexp

-complex<double> Q[]

KroneckerVector -complex<doubl> u[]

-complex<doubl> v[]
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Fig. 11: Class diagram of the VTA test application
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Command line reference

The current test application fixes the coefficientsαm to one. The Hamiltonian is based on the 1D-Ising model. The following
mandatory command line arguments must be specified:

• -p [[pattern 1][pattern 2]...], --pattern [[pattern 1][pattern 2]...]

Specifies the slice pattern for the Kronecker vectors, e.g.[[5, 5, 5, 5][10, 10]]. TheJ-th sequence within the outer brackets
specifies the layout of theJ-th summand.

• -r [value], --repeat [value]

Determines how often the given pattern should be repeated. Setting this value to one means that the supplied pattern is
used exactly once.

• -i [value], --iterations [value]

Controls the maximum number of iterations for each new summand. The test application uses a built-in numerical break
condition which skips further iterations if the relative change between two subsequent iterations is less than10−7. See
option -t to control or disable this break condition.

Additionally, there is a number of optional arguments:

• -t [value], --threshhold [value]

Allows to control the numerical break condition which enables the test application to use less iterations per summand
than specified. The value supplied will be used as new threshold instead of10−7 as set by default. Setting this value to
−1 effectively disables the break condition.

• -l, --log
If this switch is specified, the test application writes a logfile named according to the current date and time. The log file
contains a copy of the supplied pattern sequence. Afterwards, the following values are saved as comma separated values:
J,i,ev,abserr

Here,J denotes the number of summands currently in use andi the iteration of theJ-th summand followed by the current
approximation of the eigenvalue and the absolute improvement of the last iteration.
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