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I. NOTATION

We denote matrices by bold capital letters, Lg stands for the unit matrix of dimension two. Vectors are ralynwritten as
bold lowercase letters. Scalars are in general written\asritase greek letters. The conjugate of a complex numbemistdd
by over-lining. The hermitian of a matrix or vector is indied by a superiofd, i.e. z” = £*. Numeric optimal values are
indicated by a superior asterisk. The eigenvector reguftiom the minimization of the Rayleigh quotient therefoeads as

H
H
y:]: argminy Vi y.
ygo Yy
Deviant from the previous convention we denote Haeli matrices
0 1 0 ) 1 0
-1
= ) ) z = ) . ) 1
Q:={ow,0y,0:} 10 i 0 0 —1 @)

by lowercase greek letters which is a common conventiorthBrmore, we use the style of physicists for vectors in 8acti.
A column vector (ket vector) is then written &s[and a row vector (bra vector) dsl|.

The Kronecker product between matricesd CCI™>" and B [CCF*" is defined as

1 1 1 1
a1 a1,n a171-B al,n-B
c-—atm=-H: - . H=m=H: - - H 2
am,1 --- OGmn ama1B ... amn, B

The resulting matrixC' is of dimension(m - ¢) %< (n - r). For vectorsa CCF* andb O™ it is analogous defined as
0 ) .30 b 1

aq bl aq
c=a [bE E E:E E El E 3)
an, bm ap " b

where the resulting vectar is of dimensionn - m. For scalar values the Kronecker product reduces to orgimatiplication.
In the following we list some important properties of the Kezker product which we will use in various equations:

1) For matricesA ™", B [CCr>**, C O™ and D [CCF** holds:

AB [CID = (A LC)(B D) (@)
2) For arbitrary matricesA and B holds:
(A B = A B (5)
3) For arbitrary matricesd, B and a scalan [C holds:
ALBLC)=A[B+ALC (6)
MA CB) = (\M) CBI= A [[AB) (1)
4) The Kronecker product is associative. For arbitrary imesrA, B and C holds:
(A [B) Q1= A [(B [C) ®)

5) Commutativity doesiot hold.

The rest of this report is organized as follows: A brief imlugtion to quantum computing is given in Section Il. Here, we
motivate the origin of the system matrices callégmiltonians. Section Ill introduces the representation of the Hamiéorand
the approximation of its eigenvectors. Afterwards we detive VTA algorithm in Section IV. The arising BLAS operaton
are described in Section V. Numerical results of our apgraae given in Section VI. The runtime performance is briefly
summarized in Section VII. Finally we conclude in Sectioril\dnd describe areas of future work. Appendix A contains a
class diagram of the implementation while Appendix B démsithe command line interface of the VTA test application.



Il. INTRODUCTION

Conventional computers operate on Bits representing sdntk & information. For processing, Bits are storedragisters
which are arrays of 1 Bit memory cells. The physical represtéon of a Bit is a voltage level generated by a charged dapac
i.e. high level for a logical one and low level for a logicalraeThe bitwise logical NOT operation can be implemented by
feeding the voltage of a memory cell to an inverter and sattiregresult back to the memory cell. The idea behind quantum
computing is to use properties of particles to represers. Bita particle can reside in two different possible statetha time

of observation, the quantum equivalent of a Bit is calgdit. For example, the spin&!/2 of a nucleus may be interpreted
as logical one and zero. In the same way, the spin of electrotise polarization of photons may be used. The equivalent to
logic gates used by conventional computers for data prowesse quantum gates which modify the properties of individual
particles, i.e. the spin of nuclei.

This Section gives a rough overview of the principles in quamcomputing. It is destined to give an idea where the specifi
type of system matrices callddiamiltonians originate from, which make up the eigenvalue problems wé& s@solve. At first
we consider quantum gates operating on one and two qubitstwfrds we turn to physical realizations which leads u$éo t
Hamiltonians. General references for this Section are 5] [@].

A. Quantum gates

Sticking to the example of nuclei, the two spin statelg2 and —1/2 can be associated with the unit vectors
I:ll 1 I
0= and |1CE=
0 1
living in the Hilbert spaceH = C2. The components of these vectors specify the probabilitissa system remains in either
of two states. The basis vectors given above determiniistispecify the spin. While not being observed, a nucleus méjéo

remain in asuperposition state
| 3= o0F gl100 with o, 8 CA and |al® + |)? = 1.

The principles of quantum mechanics demand that a measntesnd [turns out to be eithef0 Cith probability |«]?
or |1CWwith probability 1 — |a|? = |8]%. Consequently, the system is in one of two well-defined statenediately after a
measurement.

A 2-qubit quantum gate is made up of two components each livingsi own Hilbert spacéH; and Hs respectively. The
complete system lives in the Hilbert spake= H; [CHb. Let {|e;; E_}]Jz.zl denote an orthonormal basis of the Hilbert space
H;. The corresponding state vector is then given by

1 1
[y 3= Yij - (ler; L]ed; 01 with lvi;? =1 and ¢; [Q
4, 02} i, 02}
Note, that for the dimension of the resulting Hilbert sp&térolds dim H = dim H; dim H,. A state which can be written
as |y ¥ |y Cudlalis calledseparable since it can be described as a Kronecker product of two stiaiag in their own
Hilbert spaces which make ug. This is not possible for all vectors as can easily be seerohgidering the dimensions of the
Hilbert spaces involved. Givehl; andH, there are onlylim H; + dim H, separable states. However, The dimension of the
resulting Hilbert space idim H; dim Hy [—dith H; + dim H, for higher dimensions. From that we can conclude that most
states are not separable. A concrete example is given ino8ddtB. Less mathematically speaking a state vedior I H
is separable if it can be fully described by the states of asymonentsyy 1 [CH; and |y ] [CH». Otherwise it is called
entangled and refuses a classical description.

Given a statgyCa quantum gate influences the components of the system in aweythat the resulting stae " dlelivers
the intended result at observation. This transition candseribed by the mapping

[y = Uy

whereU is a unitary matrix. The following two examples describeibgsiantum gates and derive their algebraic representation



NOT gate:
The most basic non trivial operation on a single qubit is tl@Mbperation. It is defined as

UNOT: |0D—> |1|_,__||].D-> |0|:|

where the matriUnor defines a unitary transformation. It can be obtained by

e
[00] + [100] = 1 0 =:Unor.

The effect of the quantum gate is verified [y F Unot|0C&Nnd |03 Unor|110

CNOT gate:

The most important 2-qubit quantum gate is the controlledrNONQOT) operation. It is of special relevance since it can be
used to implement any of the classical logic gates. The CN@&E §ips the second qubit if the first qubit sCand does
nothing otherwise. A state of the corresponding 2-qubitesysis given by one of the unit vectors of the Hilbert spate- C*
which are denoted bjo0LJJ01CJ|10CANnd |11 Ctespectively. The operatioieyor is then given by

Ucnor : |00 0001|010 [0163]1003 [110L1[110 1003
The matrixUg yor describes another unitary transformation and can be autdiy
IjII 1
0 0
0 0
[00MD] 4 |01 DL | + 10| + |11 D] = @ 0 1 @c Ucnor-
0 10

S O = O

B. Physical implementation of quantum gates

The algebraic descriptions of quantum gates through ynttansformations leaves the problem of physical imple o
open. A quantum register may be physically represented bplaaule with multiple spins. The spins are fixed under a gfron
magnet fieldBy. Using additional time variant magnetic fields;(¢) of different frequencies orthogonal 1B, the spins of
individual nuclei can be targeted. The time evolution offsacsystem is governed by the Schrédinger equation

S ()3 H(1)0

The Hamilton operatoif describes both the influence of the magnetic fields and of pives ©n each other. Assumed that

H is time invariant (which is not true), the Schroédinger eéprais solved to
1 1

()G exp =Bt (1) = U (1) (1)

The matrixU (¢t) denotes a unitary transformation as introduced in Sectighwhich is also calledime evolution operator.
Considering the time dependency &f makes things more difficult. Under certain assumptions aalided model leads
to a simplified HamiltonianH . In particular we assume that spins are linearly coupled amy direct neighbors influence
each other. Furthermore, we can get rid of the time depeydehdd by choosing a rotating frame of reference. The new
Hamiltonian for a system with spins is then given by

[ | 1

H = Jiiv1lg Coi + wi(cos il i +singid, ;) . (©)]

i=1 i=1
The coefficientsJ; ;11 represent the coupling strength between spirend ¢ + 1. The symboll; ; denotes a sequence
I, 1 1) 11, of Kronecker products withl; as the two dimensional unit matrix ankl as one of the three Pauli
matriceso,, o, ando, scaled by some constant factor. The first sum in (9) desctliEepairwise interaction between spins
aligned along thez-axis according to the Ising model. The second sum modelsnfheence of the orthogonal time variant
magnetic fields where; denotes the Lamour frequency andthe phase shift of the-th magnetic field.



Ill. REPRESENTATION OF OPERANDS

The dimension of the Hamiltonian and therefore the size efgitoblem grows exponentially with the number of qubits unde
consideration. Therefore, we deal with very large matriwbgch can be constructed following a well-defined schemeefi
the dimensior2” for a system ofP qubits, explicit usage even of vectors is infeasible in réga both memory requirements
and computational complexity. This Section introducesrat the most general representation of the HamiltonianerMards

a similar structure for vectors is introduced.

A. Hamiltonian

The HamiltonianF [CP" as introduced in Section Il is a hermitian and tracelessirdtor P = 1 the selQ := {o,,04,0.}

of Pauli matrices makes up a corresponding orthonormashawsier the fieldR, +, -). Scalar coefficients must not be complex
since matrices with complex entries on their main diagomal reot hermitian. Note, that the Pauli matrices are thenaselv
hermitian and traceless (see (1) for the definition of Pawirives). ForP = 1, any hermitian matrixi] CCP~ can then be
written as a weighted sum of Kronecker products

—
H= o, Q™ @™ 1w, Q™ qQ L}, a, [R (10)

m=1

where I, denotes the unit matrix of dimension 2. Introducing the t@mst
fm={1,...,m} ACQ,...,P} | Q™ B I, (11)

on (10) ensures thall is traceless since the Pauli matrices are traceless antidfdrace under Kronecker products holds that
N e B w 1 R
r H™ = o Q™ . (12)
k=1
Equation (10) with constraint (11) therefore gives a decositipn of hermitian traceless matrices into a weighted saim
Kronecker products between Pauli matrices which is alsatalda representation of the Hamiltonidd. In the following we
will implicitly demand that constraint (11) is fulfilled andienote the Hamiltonian byd .

In general, the Hamiltonian is a sparse matrix. Each sumnra(t0) has a sparsity of/2” since the tensor product between
two Pauli matrices (or the identity matrix) givés+ 4 zero and4 non-zero entries. Assuming/ < 2"/> the Hamiltonian
has stillO(27) non-zero entries and is therefore also sparse. The actasdigppattern depends on the particle system under
consideration. For a system wifh qubits as defined in (9) without the influence of time-variauaignet fields, the Hamiltonian
takes a sparse band pattern as shown in Figure 1. For pHysiat@resting problems we assunie > 50 which points out
the unfeasibility of storing the Hamiltonian in an expliédrm. Thanks to its special construction scheme storageisan
problem. Unfortunately, efficient storage makes it implolgsto use existing BLAS routines. Instead, a new set of nastifor
matrix-vector products is developed and described in metaildin Section V.

[ ] [ ] [ ] { ] ° . ° . ° e e e feiiatte
(a) P = 4, sparsityx 0.2266 (b) P = 5, sparsityx 0.1563 (c) P = 6, sparsityx 0.0889

Fig. 1: Hamiltonian for particle systems of different sizes



log, dim y%l) =3 log, dim yél) =6 log, dim yél) =3
[ W @ ) o W |
Y=y1+y2= +
| o | @ | o |
log, dim y§2) =6 log, dim yéQ) =6

Fig. 2: Examplary slicing fory = yil) @31) @Ql) + yiz) @3”.

B. \ectors

For the eigenvectoy™tve can in general not exploit a special structure. Giver= 50 a complex vectory would require
approximately 16 PiB of memory using double precision whghblearly infeasible. To circumvent this problem we decos®
a vectory in a similar way as the matri¥f and write it as a sum of Kronecker products of smaller vectors

T | 1 ,
y= 9= o ¥ 10y (13)

Jj=1 Jj=1

We refer toy") asKronecker vector and t0y§j ) asslice. There are no restrictions on the dimension of a slice exitegitthe
resulting summang/’) must match in size withy. Since the dimension off is a power of twodim /) and therefore also
dim y,fj) are powers of two. An example fay CcP” consisting of two summands is shown in Figure 2.

It is easy to verify that any vector at?” can be represented using (13) with at mdst= 2 summands by choosing
yU) such that a single entry is non-zero and appropriately dcadewever, this is a rather simplistic upper bound for the
number of summands. In most cases less summands are stffic@sider for example the vectfr, 1,0, 1]7 which should

be represented by a sum of Kronecker products:
1 1 1
HE . = ! 2 -BHEH
1 0 1

The preceding example gives an exact solution for= 2. Note, that it is not possible to writél,1,0,1]7 as a single
Kronecker product of two smaller vectors. It is thereford acseparable vector but a superposition of states. Detargnin
the number of summands necessary for an exact represenigtio general difficult. However, we do not seek for an exact
representation of the eigenvalgé-but only for a meaningful close approximation. Using therespntation as given in (13)
allows to approximate the eigenvector within some errorgimansing a few summands. Afterwards, accuracy can beiitehat
improved by adding more summands if needed.

Compared to an explicit representation the memory req@resremain affordable. For example, assume we seek toxappro
matey ™ using.J summands each represented by a sequence of five Kroneckiercgsolet each slice haz® entries
making a total of5 - 20 values per summand. This corresponds to 80 KiB of memorynaisgucomplex double precision
which allows for thousands of summands. Chances are, thaffieient close approximation of ~heeds onlyJ [2F1 This
unusual representation of the vectors requires custom BiloASnes especially for inner products as we will see in iBacy.



IV. DERIVATION OF THE VTA ALGORITHM

We consider the eigenvalue probleify~L= \y~Where H denotes a Hamiltonian of dimensi@® x 2F. We are interested in
a numerical method to obtain the smallest eigenvalyg . Since the Hamiltonian is a hermitian matrix, the spectiabtem

ensures the existence of a unitary matfiixsuch thatd = U® AU where A = diag(\1, Ao, . .., Aor ). We can now write the
Rayleigh quotient-(y) in respect ofH as

L] [
y"Hy y? UHAU y

r(y) = = . (14)
w) yly y" (UHU)y
The substitutiorg := Uy gives
1—1
NE o
W)= s v e (15)
T = = = f— GG
I — T —
g - g
i=1 i=1
The matrixU is unitary wherefore the non-negatige must sum up to one. Minimization of (15) yields
r— 1
arg min Eidi = LA = Auin (16)
£=0 iy 0, Ai B Amin

The Rayleigh quotient is only defined §f8 0 wherefore at least oné must be positive. Equation (16) therefore picks the
smallest eigenvalue valug,,;,. Consequently, the smallest eigenvalue can be obtaineditiynining the Rayleigh quotient:

¥ Hy
min — 1111 o

yEo y+y
This problem could be solved directly using approved tox#so However, even by using the representatioifods described
in Section I1l-A we had to deal with an eigenvalue problem mfiension2°° for interesting instances which is computationally
infeasible. For this reason we seek for a way to approximage dptimal solutiony~—bf problem (17) with much less
computational effort.

17)

The VTA algorithm iteratively improves a starting solutigsjl] which consists of a single Kronecker vector by adding a
new summand per step. Using a Kronecker vector which is dgegbrof smaller slices the original problem is transformed
into a sequence of smaller problems. Since any complex veeto be approximated arbitrarily close by a sum of Kronecker
vectors, the VTA algorithm converges againgtafter a sufficient number of iterations. Section IV-A contrates on finding
the starting solutiory[1] consisting of only a single Kronecker vector. Afterwardgec®n IV-B extends the approach by
allowing a sum of Kronecker vectors. General referencetite $ection is [6].

A. Sart approximation

For now we consider the caggl] = x. In parti y[1] is a single Kronecker vector of arbitrary slicing. Assumifigslices
x1,...xzq the resulting vector is of dimension ? , dim; and can be written as
x=x Cxzd C1 [z (18)
=z Lx] Cxk.

The vectorsz;, and xi are shorthand representations of the Kronecker productheiteft and right side of slice;. The
Hamiltonian H [CCP"=2" can be written in a similar form as

¥—1
H=  a, Q™ g™ 1 i (19)

—
_ QU - Q(Lm) mé’m) m‘R"L)-



This allows us to work with slice:; while considering other slices as constant vectors. limge(8) and (19) into the original
optimization problem (17) yields:

1
- (@, CB CER)T o Q" Q™ CQYY (2 T Cxh)
! xr - . m=1
X80 zHz %80 (z1 Czd Czh)? (z, Cad Cak) (20)
IIT:H:I 111 111 1
am- Qe 2QMa  RQYVan
= min "=
50 b] Ho V(o H
I L
zH l—Ilva:mleQL e L Q™ L]
. m=1 (mfscL)(wng) '
T X80 zfl:
xH I%;"L/m-[%m (m)
— min m—0 YLYR
x; 20 xlx,
H
= miIl xz i (21)

xX; 80 wLHdh

We refer toH; in (21) as theeffective Hamiltonian which depends on the slice; being optimized, the scalar valuesg,

~gr and the products:fQL xy, and a:RQR xr. The latter two additionally depend on the sum index Equation 21 is
another eigenvalue problem which is reduced to dimendionx;. For example, we reduce a single eigenvalue problem of
dimension2® to a sequence of five eigenvalue problems of dimengi¥n Since only a single slice is optimized in each
iteration, we refer to (21) alocal optimization. Due to the reduced size, this problem can be solved effigiesing existing
solvers (Krylov based methods). In general, the exact gajea y~tannot be obtained by (21) sinaeas defined in (18)
does not span the vector fie@?" . The optimal valugy[1] := s at best a first approximation @f>To obtain a tighter
approximation we now extend the space of solutions by stpwadding new summands.

B. Improving precision

To allow for a tighter approximation of the real eigenvaglewe now consider further approximatiogéJ/] for J > 0. These
consist ofJ — 1 preceding solutions which are considered as constantsapliedditional new summand which is optimized
in the J-th step. For ease of notation we demand equal slicing of mih&cker vectors for now. The approximatigfi/| can
therefore be written as

J
ylJ] =z, Cz) Ok + y%i o) g (22)
j=1
Basically, we only have to insert (22) into the original peoh (17) as we did it before. Unfortunately, the calculatisra

bit cumbersome wherefore we consider nominator and deradoriof the Rayleigh quotient separately. We begin with the
denominatory 7 y:

L1 LT 1 L1
J
Yly= x Dk Dae Yo o) x Da ey o) oo

j=1 =1
1

l;',?,
(x O )M (x 0 Cxk) + (xo [x3 m)H yL’ Cy Iﬁi’
e -

%5119”!3&) (L Cxi CX&) + iiqﬁvgy U@ﬁl‘)m&)
j=1
[, rom m';'@ o, ! ';'@ om Eam;. _
= x'xL x@xr xi'xi + oy xtyd x@y®  oxi+x' oy xtyY x@y® o+ y @y
j=1 j=1 j=1k=1
1
=y xx +vix+xtv+ (23)
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The same calculation is done for the nominator:
1 % (I . 1
yHHy: X X X + I:Tlljﬁr) m&l) Q(m) |:Q‘m) m&m) x. [ Cxg + I?Im) m&l)
_ - _
) (| -
am (xL 33 )7 Q™ f™ iV (xL 7 )

m=1
JEET T 1
+ am (<0 3 Cx)" Q“") Q™ rQk” <” Cyi Iﬁéﬂ
j=1m=1
Jﬂ;'r:lzD (-
+ y? o @2) QL"” CQf™ QR (. [CX) CXR)

ji=1m=1
J

+ o ) o ol rol rol v o o
j=1k=1m=1
N R
B T

LI _
= xH am X Q™ xr  xrQMxg QM x; + xHQMy ®) ng)yi(” i

= m s
rﬂ:@ : JLEEISE L B
+xH HQ(my @ Q(m) 0 Qimy -y DH QM (0
j=1m=1 j=1k=1m=1

=xPH3G +u % +xTu+B (24)

Putting the results from (23) and (24) together we finallyagbta new representation of the Rayleigh quotient:

] I I I
Hi u ZL;
yH xr{{@c%u z; +xfu+p 1 u B 1 ¢ AC
= = HH—F F 5 (25)
yHy v wHx, +ofe, +axfv+o D |:Ll_:yI v x; ¢"B(¢
1, ’UH 0 1

Apart from matrix B in the denominator, Equation (25) is another eigenvaludlpro. To eliminate the matrix we use the
following decomposition:

I:'i, ODIIL,H I:IIZI~~H iw I:IIZII —
B=LL"= w :ijl~ ! g 7
wf o 0 « Lw ww + aa v o
Expressions fotl, w and« can be found easily. The matrik is then given by
C1v_ 1
L= I 0 (26)
N 1/\/*'0 0— YywHo
—1
The inverse ofL exists if o — %vHv 8 0 and is analytically given by
1]
. /AT 0
L= _y1 v 1 . (27)
v e—l/wvHv o—1/~vHv
Using these results and the substitutipe= L ¢ we can rewrite (25) as
HA HA HptAL™H
CTAC ¢TAC -n n (28)

¢CHBC  (pEO)™ (LHE) ntn
where L~ denotes the hermitian oE~!. Equation (28) is now a standard eigenvalue problem whichbm solved using
existing libraries.
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So far we assumed that all summandsyofire equally sliced. If we allow a sum of arbitrarily slicedct@'s, partitioning of
y as given by (22) is no longer possible. In its most generahfay[J] is given as

J|-—1_—(_>_|

ylJ) =ap L Lk + gy O (29)

J=1
where (); denotes the number of slices of thigh vector. Given this generalization some of the produnt$23) and (24)
refuse compact notation since we find no longer matchingsliorx;. In particular, the expressions farandv are no longer
valid. In a similar way, the calculation qf as a sum of scalar product of unequally sliced vectors besamare difficult.

A formal description of these products is skipped here but fsa found in [1]. Instead, we focus on the insight of how to
calculate these products in the next Section.

C. Outline of the VTA algorithm

Using the results of the previous Sections we can give anrigtigo which calculates an arbitrary close approximatipof
the eigenvectoy =and its corresponding eigenvalué-! . The outline of the VTA algorithm is shown below:

[ X:=1 i:=J:=iter:=1 ]

1

- xHH;x; |
X; = arg min——
@ #0 XX ’

Phase 1:Calculate a start solutiog[l] = « ‘
by solving (21) for all slices = 1,...,Q1.

Iterating multiple times over the whole vector
x improves the solution since all but the

current slicei are considered constant. After
reaching the maximum number of iterations

(or some numerical break criterion), the vector
x is accepted as first approximation and the
algorithm turns over in phase 2.

Phase 2:The starting solution is set to
the current approximatiogy[1] and a new
summandzx is added. Afterwards, the new
summandzx is optimized while considering

the other summand as constant. This results in
problem (25) which can be transformed into
another eigenvalue problem as described in
Section IV-B. This in turn can be solved for .
. . .. . . . X; 1= argmin
each slicex; individually. Multiple iterations o0 L

over the new summand again improve the
approximation. Finally, after reaching the
maximum number of iterations (or some
numerical break criterion), the summand

is accepted and considered as constant while
another one is added. This continues until
some final break condition is reached.

yes

no

yes
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V. CusTOMBLAS ROUTINES

This section focuses on the new BLAS routines necessaryaltieetspecial layout of operands. At first we will briefly dissu
the scalar product of Kronecker vectors with matching sliaad how a slice can be excluded from the product. Afterwards
we turn toward the case of unequal slicing. Finally, the potsl between the Hamiltonian and vectors are discussedctinSe
V-E and V-F.

A. Inner product between Kronecker vectors with matching slices
The inner product of two Kronecker vectors

r=x 1zl and y=y; 1 [yl (30)
of the same size with matching slicesifq z; = dimy; [Z1{1,...,n}) is easy to calculate. According to the properties of
the Kronecker product as given by (4) and (5) it reduces tori@sef scalar products between slices:

H P L e
iy = (z1 LA Czl)” (yn A Lgl) = (zayy) LA Ty, = z)y, (31)
j=1

Note, that the Kronecker product between scalar valuescesdto multiplication.
B. Inner product between Kronecker vectors with matching slices and excludes
Sometimes it is required to calculate the inner product betwtwo Kronecker vectors
r=x 1 Ceg) 1 Cx]l and y=y, 1 Cgyd C1 [yl (32)

while excluding the slicex; from multiplication. Provided that the slicing of both vert match, we can easily calculate the
scalar products on the right and left sideagf

Hy — 1 1 Hy, 1 1 33
xy = (x; Cz] Czl)™ (w1 Cyl Igl) — (33)
Ol O Ol O { —
=(z1y) 1 Caly, O Cadlly, =z Ly] ally; L=ty
j=1,j8i

The dimension of the resulting vectgt corresponds to the dimension of the excluded slige

C. Inner product between Kronecker vectors with unequal slices

We consider again the inner produet y. For Kronecker vectors of arbitrary slicing it is no longersgible to reduce it to a
series of scalar products between slices. Consider thee€kam vectors

r=x; C1Cx] and y=1y; 1 3} (34)

wheredimz = dimy but in generadim z; E dimy;. The inner product:’y can be calculated by iterativelyontracting
the larger of the two right-most slices. Léim «,, = k anddim «,,, = [. In each step we have to differentiate between the
following two cases (exemplarily given for the first stepyjnl

kE<l: afy=(x;, C1 Cxly |Ell;—£[|(y1 L1 m—b@) (I
Ym,1
P o e B L £ e 7 O e s HH

Ym,i—k -+ Ym, T,k

=(z; A L) (y1 OO Cyglor CH))

k>0 xfy=(x, C2 Cxly Cz) (v O3 Cghoy Tl

1 1 [I11 [(Ti1
Tn,1 e Tpyl ym,l

-EHEHeam 1 . 0 HH B oy
Tnk—l -+ Tnk Ymi

)

= (2, O Lzl CE)Y (0 £ Cygho)
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[x1, dim = 2° || X, dim = 26 || x5, dim = 2° | [x1, dim =2°| ® | X, dim = 26 |

| y1, dim = 28 | ® | Yo, dim = 28 | | yi1, dim = 26 | ® |)72,dim:23 |

@) (b)

[x1, dim = 2° | ® [%,, dim = 23]
e

(c) (d)

Fig. 3: Example: Inner product betweerf’y = (z; [xd [Cz]) (y; [Cyd). Subfigure (a) shows the first step whete is
multiplied with y5 resulting in a contraction and a smaller slige Afterwards, slicexs is contracted in (b) by multiplication
with slice g,. The process is continued until two slices of matching seraain (d).

The inner product can therefore be expressed by a sequemmatok-vector products where the dimensions of the matrice
are always determined by the size of the smaller slices. Tdee of the resulting vector is given byx in case ofk < [
respectively%/i for k > [ which is why we call itcontraction. Two slices of equal size are reduced to a scalar value which
scales another slice in the subsequent step. A concretepéxdsnshown in Figure 3.

D. Inner product between Kronecker vectors with unequal slices and excludes
The most complicated variant is the inner productedfy where a specific slice;; should be excluded from multiplication.
We can start again by contracting the larger slice in eagh Iséginning on the right side until we hit the sliag:
ey = (zy Caz,) (y1 T Cyl)
= (z1 [ Cd Czdy) (o 1 Lyd)

Z(wllilm)%lilljﬁj

At this point we turn over and start the contraction from téft-hand side. Again we decompose the larger slice into aixnat
which matches in dimension with the smaller slice. Gives dim x; and! = dim y; the first step of the contraction is given

as follows:
C=h e i A 1
O — Y1,1 e Yk T11
k<il: (xz, C1LCx) yllzlmjj’j:(ml:llm)ff '.:]; ol EE; E@HIIIZJ?
Y1,1—k Y11 X1k
=(z, 1 )" 4 Cgd £
= i I Ll
- — T1,1 L. Ty Y11 —
k>1: (a:ll:lm)ylljljjpz ':]; ol EE|; IIIIE%MIIE?D
T k—1 Tk Y1,

Contraction continues until we hit; from left again. Depending on the dimensions of the righstrglice of y and the
excluded slice we have to dlﬁerenﬁ? between the folhgniwo cases:

1) d1myESd1mmi:x y=x IZJ?IS:I

2) dimgl'> dimz; : 'y = (v, ) gol=xl gl
Case 1) is depicted in Figure 4a. The excluded skigeoverlaps at least two slices a@f. Multiple special cases can arise
here. In general, we have to build the Kronecker product etthe remaining slices @f. Note, that bothg~and qu might
degenerate to scalar values. The situation of case 2) isrsitoWwigure 4b. Slicey, is contracted from both sides.
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| E;_q | ® | z; | | 2 | | Ti_1 | ® | z; | | Ti_1 |

o0 (7] [ode o[7] | | |

(a) dim g§'< dim x; (b) dim gg'> dim a;

Fig. 4: Contraction from the left side after contractionnfrahe right side has been completed.

E. Product between a Hamiltonian and a normal vector
The product between a Hamiltonidd and a normal vectog is given by

y—t1 1
Hzr= o, - Q™ @™ 1l = qQ;r[Q. (35)
m=1
First, we note that each summatd(™ has exactly one non-zero entfy ; {1, %4} per row and column which is
additionally scaled by a single factar,,. Therefore, the summandd (™) are basically permutation matrices. We can further
decompose a single summai#i(™) into

1 1

r—/1
0nH =0, QU T CA TR = o IO CREAET, @O
=1

i i—1 times P—i times

Note, that forQ; = I the corresponding-th product has no effect. Le{ [{1,..., P} denote the set of indices for which

Q; B I,. Then we can write the produdf x as
111 I

¥—1 | ——
H™g = "™ .z . (37)

;
m=1 m=1 + X3

Equation (37) only consists of permutations and some gpaperations. We now derive an efficient way to calculate this

product by considering some concrete examples. Assumiel, «; = 1 and P = 3. The vectorx has thus eight components

which we index ast, ..., x7. Consider the three Hamiltonians

H =0, CIh [T Hy=1, [g) [T}, Hs=1, [T) [a).

Depending on the positiohof the Pauli matrixQ; & I, the permutation matrix takes a different shape. The petmatare
illustrated in Figure 5. Chaining of these permutationsegithe final result. This can be calculated easily by a seguehc

o X1 X2 T3 T4 T5 Te L7 Lo X1 T2 L3 Tg4 Ts Te L7  To L1 L2 T3 Xg4 Ts Te L7

L K KRR X

g 1 T2 I3 g4 Ty g X7 o 1 T2 I3 g4 Iy g X7 o 1 T2 I3 T4 Iy g X7
(a) Permutation defined i, (b) Permutation defined by (c) Permutation defined b3

Fig. 5: Permutations defined by Hamiltonians consistin@ &f2 identiy matrices with a single, at thei-th position.

logic operations. Assume we seek to calculatertith component:) of zH= H,H,H;x. Consider the binary representation
of n which consists of three bits in our example. Lgb,[i] denote thei-th bit in the binary representation af beginning
with the highest order bit, i.e2(5)[1]. The matrix H; obviously adds an offset of four it < 4 or subtracts an offset of four
if n = 4. This corresponds to the logical operatiop,)[1] XOR 1. In a similar wayH, adds or subtracts an offset of two. In
general, the effect of a Pauli matrix, at position: is given byn,[i] XOR 1.

Similar rules can be derived for the other two Pauli matri¢émvever, scaling must be considered égrando. which can be
achieved easily by using a temporary variablerhich accumulates all scaling factors. After the compongnof the original
vectorz has been determined, scaling is doneaf)y= ;. - v. The productl ™z therefore requiredim(x) - P operations.
Thus, the producH = can be calculated witlD(dim(x) - mP) operations.
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F. Product between a Hamiltonian and a Kronecker vector

Let « be a Kronecker vector of arbitrary slicing such that it megln dimension with the Hamiltionia#Z. Note, that for
this reason the dimension of each slice has to be a power of@ansequently, we can write the product as

o — -

Hz = am - Q™ 1 QY (2 3 L)
m=1
¥—_ .
= ap Qe 2 QY x. (38)

m=1

Thereby the original product is decomposed into a sequeheg products between matricdsgm) made up exclusively of
Pauli matrices and ordinary vectatg (slices). These we can calculated as outlined in Section V-E

VI. NUMERICAL RESULTS
To analyze the speed of convergence we rely on the relatree €/, ) which we define as

A[J, i) — AH

e(J,i) = = (39)

Here, the value\[J, i| denotes the approximation of the eigenvalue inithie iteration using/ summands. We fix the number
of iterations per summand to a constant value to point outterad benefits of passing multiple times over a new summand.
If the individual iterations for a given summand are not dkfest, we use the relative erref.J) which denotes the relative
error usingJ summands after the active summand has been optimized fonsdactt number of iterations. The Hamiltonians
in use are based on the 1D-Ising model and consigt/of 2P — 1 summands. The coefficients,, are all set tol. This way

we can rely on known eigenvalue approximations obtained IBRSMS3] even for problems which are too large to be solved
exactly.

Section VI-A investigates the influence of slice sizes on $peed of convergence. Section VI-B considers sequences of
overlapping slice patterns. In Section VI-C we derive anmjied sequence of overlapping slice patterns for someretac
examples. Finally, Section VI-D summarizes results forrgdgoroblem P = 100) using different pattern sequences.

A. Non-overlapping slice sequences

To show the tremendous influence of the slice sizes we choeaseiltdnians for P [{110, 20,30} and calculate the ap-
proximation of the eigenvalue using three different sliedtgrns for each size. The results for up to 20 summands with t
iterations per summand are shown in Figure 6. Patterns uaigg slices generally outperform patterns with smalleresl
This is no surprise since larger slices offer consideraldyaerdegrees of freedom for optimization. For example, pattefor

P =10 is given asl5, 5] and offers2 - 2° = 64 degrees of freedom compared to pattern B givefdad, 4] which only offers
2.2% 422 = 36 degrees of freedom. Consequently, large slices shoulddferped as long as the underlying hardware is able
to solve the subproblems in affordable time. Using smalliees but more summands is not a good idea when it comes to
computation time because each additional summand slows deator operations. There is no general rule for the trddeof
between slice sizes and number of summands since it depantte dardware in use.

In this example we fixed the number of iterations to ten perraand. However, the results show some kind of step function.
This suggests to use a numerical break condition, e.g. ifetative change between tli¢h and(i — 1)-th iteration is smaller
than some threshold. Unfortunately, there is an anomalghwprevents such a break criterion. Consider for examplepat

A at J = 2 in Figure 6b. As one would suspect, the approximation is igliately improved by the new summand. This is not
the case forJ = 8. Here, it takes multiple iterations before the new summdifetis the approximation. A break condition
as described before would eventually skip iterations wiéad to a significant improvement. The reason of this behm&sio
unclear but we suspect that the optimization gets stuck otal Iminimum which might got over after a sufficient number of
iterations. This makes it difficult to use a numerical breakdition since small changes over the last optimizatiopsstio

not necessarily indicate that the current slice is near dimap value.
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Fig. 6: Relative error for different problem sizes using fomerlapping slice patterns.
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B. Overlapping slice sequences

So far we only considered sequences of a single slice pdierall summands. For patterns using slices of differenesiz
like [3,4,3] or [7,6,7] hopes are that we can improve precision by choosing shifsteqms. This adds more degrees of
freedom to optimization since the subspace spanned by kKkeneectors using the slice pattel14, 3] is different from the
one spanned by other vectors using the pattérs, 3] or [3, 3, 4]. To investigate the benefits of overlapping slice patteres w
choose Hamiltonians of siz2 [{10,20}. The tests were performed using the following sequences:
- P=10:
— Sequence A consits exclusively of the pattésnd, 3].
— Sequence B uses periodically shifted patterns,[4.63, 3][3, 4, 3][3, 3,4][4, 3, 3] . ..
— Sequence C uses 20 times pattgtrs, 3], afterwards 20 time$3, 4, 3] and finally 20 timeg3, 3, 4].
- P=20:
— Sequence A consits exclusively of the pattérg, 7).
— Sequence B uses periodically shifted patterns,[6.e7, 7][7,6, 7][7,7,6][6,7,7] ...
— Sequence C uses 20 times pattftv, 7], afterwards 20 time§7, 6, 7] and finally 20 timeg7,7, 6].
The sequences faP = 20 are defined analogous. The results for up to 60 summands avensh Figure 7. In both cases,
sequence B is the worst one. However, the differences batesnd C are small and may be compensated by a small number
of additional summands. Nevertheless, these examples #tatvthe sequence of overlapping patterns has an influentieeon
speed of convergence. In the next Section we try to find amigeid sequence which outperforms non-overlapping se@senc

e(J) e(J)
| | | |
1 ——  Sequence A —— 1 ——  Sequence A
101 Sequence B — 101 Sequence B —
10~2 “'\\‘ —— Sequence C — 10~2 \ —— Sequence C —
10~ Y 1073
1074 1074 x*"m.‘h
107° s 107° L“"%u.i_‘ -
10-6 l“h\“‘q 10-6 e =
-7 =tt“ﬁk------. -7
10 g 10
10~ % 10~
1079 — J  107° J
10 20 30 40 50 60 10 20 30 40 50 60
(@ P =10 (b) P =20

Fig. 7: Relative error for different problem sizes using nteeping slice patterns.

C. Optimized sequence of overlapping dices

To investigate which improvement might be obtained usingriapping we now try to determine an optimized sequence of
patterns for the examples introduced in Section VI-B. We again Hamiltonians of sizé® [{Il0,20}. The patterns we
choose from are as follows:

- [4,3,3], [3,4,3] and[3,3,4] for P = 10

- [6,7,7], [7,6,7] and[7,7,6] for P = 20
For each new summand we test all three patterns using teztidtes and choose the one which minimizes the relative error
e(J). This results in some kind of greedy algorithm as depictedrigure 8 (the optimal path is highlighted). Note, that
this scheme is only a heuristic for an optimal sequence.eSime do not test all possibilities, there is no way to be sua¢ th
another path would not lead to a better result. Accordindnéorésults there is no obvious rule to choose an optimizegeseg
without testing all possible patterns for a new summand. él@ry once such a sequence is found it leads to improvedsesul
compared to non-overlapping sequences consisting of ordingle pattern as shown in Figure 10. Here, we compare the
optimized sequence with the three sequences defined inoBe¢kiB. Unfortunately, such an optimization is uselesshwitt
a predictor for the next pattern in a sequence. Probingnpatie computationally too expensive for large problems.



[4,3,3]
0.012858
[3.4,3]
0.008729

14,33] 13:3.4] [433] [433]
0.017684 0.013298 0.000203 0.000108 0.000062
[4.33] [4.3,3] [3.4.3] ‘ [4.3.3] [3.4.3] [3.4.3] ‘ [4.3,3]
0.000664 0.000330 0.000186 0.000124 0.000078 0.000060 0.000049
[3,3.4] [4,3,3] [4,3,3] [3.4,3] [3,4,3] [3,3,4] [3.4,3] [3,3,4] [3,3.4] [3,4,3]
0.017684 0.013298 0.004061 0.000582 0.000351 0.000185 0.000143 0.000081 0.000058 0.000046
[3.4.3] [3.4.3] [3.3.4] [3.3.4] [3.3.4] [3.3.4]
0.008686 0.004113 0.000696 0.000369 0.000141 0.000047
[3.34] [3.3.4]
0.012817 0.004645
(@ P=10
[6,7.7] 6.7,7] [6.7.7]
0.000432 0.000313 0.000179
6,7,7] [7,6,7] [7,6,7] [7.6,7] [6,7,7]
0.000543 0.000410 0.000224 0.000187 0.000112
[6,7,7] 6,7,7] [6,7,7] 76,71 [7,7,6] [7.7,6] [7,7,6] [7,6,7]
0.002707 0.001258 0.000846 0.000581 0.000434 0.000232 0.000158 0.000130
[7.6,7] [7,6,7] [7.6,7] [7,7,6] [7,7,6]
0.003002 0.001139 0.000888 0.000552 0.000126
[6,7,7] [6,7,7] [7,7,6] [7,7,6] [7,7,6]
0.019954 0.004628 0.002672 0.001215 0.000875
‘ [7.6.7) [7.6.7]
0.007030 0.004830
[7,7,6] [7.7.6] [6,7.7] [6.7.7]
0.019954 0.004628 0.002672 0.001216
[7.6.7] [7.6.7]
0.002772 0.001140
[7.7.6] [7.7.6]
0.002707 0.001260
(b) P =20
Fig. 8: Finding an optimized sequence of overlapping sliaggpns using a greedy approach.
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Fig. 9: Optimized slice pattern with overlaps (yellow) vanroverlapping slices.
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D. Large problem
Finally, Figure 9 presents first results for a large problgm=100). We used the following three slice sequences:

- Sequence A: [20,20,20,20,20] only

- Sequence B: [20,20,20,20,20][20,20,20,20,20][10,10a,00,10,10,10,10,10][10,10,10,10,10,10,10,10(0répeated

- Sequence C: [10,10,10,10,10,10,10,10,10,10] only
It is important to note that for the sequences A and B a dyndmweek criterion was active which skipped further iteragion
if the relative delta between theth and (i — 1)-th iteration was smaller thar)~7. As mentioned in Section VI-A it is likely
that convergence for these two sequences could have been bsihg a fixed number of iterations. For sequence C we used
ten iterations per new summand. Again, it is not surprishmagf targer slices lead to better results. However, the stdpgbe
lines is interesting since the improvement per new summaeds to be independent of the slice size. This is probably not
the case but a result of the break criterion. In fact, sequéhevould not converge at all if the criterion was used herés Th
can be seen at the behavior of sequence B when looking & the/ < 4 and6 < J < 8 where the error remains almost
constant. In both cases, the new summands use the tennempatobwever, even the 20s pattern (sequence A) suffers from
the break criterion as can be seen 4o= J < 6. Additionally one should keep in mind that calculating senge C takes less
than one hour while sequence A needs several days. This dénai@s that the current numerical break condition is gsele

e(J)
R R e e —-— SéquenéeA
Sequence B
10-2 ——  Sequence C
\ \
1074 1 1 i J

Fig. 10: Results forP = 100 using different slice sequences.

VIl. PERFORMANCE RESULTS
This Section briefly summarizes the performance of the VTgoathm. We used two different systems for evaluation:
1) Dual Intel Xeon X5355 (2.66GHz, 8 cores, codename Clover)
Intel compiler v10.1.011
2) Dual Intel Xeon L5520 (2.26GHz, 8 cores, codename Nehalem
Intel compiler v11.1.064
Both systems were running 64 Bit Linux. The VTA test applimatwas compiled using the 3 and -i po flags for
optimization. The time was measured using a simple walticlapproach. Table | shows results for different problenesiz
slice patterns and thread counts. The speeglupisingn threads this defined as

T
Sp = — 40

T (40)
whereT; denotes the time needed for the sequential algorithmZgndenotes the time needed by the parallel algorithm using
n threads. Since we are using the sequential eigenvaluer SBiRACK++ for subproblems we cannot achieve linear speedup
In fact, parallelization at this time is limited to the custanatrix-vector products between Hamiltonians and Kroeegkectors
using OpenMP. These are also used by ARPACK++. Consequérmghe is a fractiop of the code which can be run in parallel
while the rest of the program is sequential code. Amdahlis d&ves an upper bound,, ma.x for the speedup depending pn
when usingn threads:
-
1-p+7%
Finding a good estimate fgr is difficult. One possibility is to use the measured speedup fthreads for an extrapolation of
the possible speedup farthreads. However, the speedup for two threads alreadyiocsntserhead induced by parallelization.

(41)

Sn,max -
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P | Pattern Threads | Time Speedup| | P | Pattern Threads | Time Speedup
30 | [10,10,10] 1 0m52.387s | 1.00 30 | [10,10,10] 1 0m46.431s | 1.00
30 | [10,10,10] 2 0m36.207s | 1.44 30 | [10,10,10] 2 0m29.022s | 1.60
30 | [10,10,10] 4 0m25.905s | 2.02 30 | [10,10,10] 4 0m20.413s | 2.27
30 | [10,10,10] 8 0m19.965s | 2.62 30| [10,10,10] 8 0m16.006s | 2.90
60 | [15,15,15,15]| 1 101m53.0735 1.00 60 | [15,15,15,15]| 1 83m30.088s| 1.00
60 | [15,15,15,15]| 2 63m41.364s | 1.60 60 | [15,15,15,15]| 2 50m45.998s 1.64
60 | [15,15,15,15]| 4 45m31.483s | 2.34 60 | [15,15,15,15]| 4 34m54.362s 2.39
60 | [15,15,15,15]| 8 33m37.094s | 3.03 60 | [15,15,15,15]| 8 26m15.854s 3.18
(a) Dual Intel Xeon X5355 (2.66GHz) (b) Dual Intel Xeon L5520 (2.26GHz)

TABLE |: Computation time and speedup with multiple threddisdifferent problems.

For this reason one cannot expect that extrapolation givegper bound. Instead, we used VTune [2] to determin&though

p depends on the slice size we found that for< P < 17 a fractionp = 0.85 is spent in parallelized routines and their
subroutines. Using this as an estimate we obfin... = 3.90 as an upper bound for the speedup using Amdahl’'s law. For
comparison, we currently obtain a maximum speedup.@3 respectively3.18 on the test platforms.

VIII. CONCLUSION

In this work we presented a general approach to approxinesigenvalue of arbitrary hermitian matrices of dimension
2P x 2P The key of our approach is a decomposition of the large g@aa problem into a sequence of smaller ones which
can be solved by approved algorithms. The most importatergyn for the quality of the approximation is the size of the
slices the eigenvector consists of. This directly corresisato the dimension of the subproblems and conflicts witheffart

to decompose the large problem. In general, larger slicesldtbe preferred as long as the computational complexityames
affordable. For todays workstations, slices of slfle< P < 15 proved to be a good compromise between improvement in
precision per step and processing time. The biggest probfeyar approach is the lack of a reliable numerical break g

As shown in Section VI-A, small changes between iteraticesrat a reliable indicator that the current approximat®meéar

an optimal value.

For this reason, finding a more suitable break condition 1$ plafuture work. Another promising improvement are pertod
boundaries of Kronecker vectors [7] which would allow oapd between identical slice patterns. This way, overlappirthe
beginning and end of vectors become possible which mighease the benefit of overlapping.
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APPENDIXA
IMPLEMENTATIONAL OVERVIEW

A top level class diagram of the VTA test application is shdwrFigure 11. The central class is the HamiltonianEVSolvieiciy
puts all parts together and implements the algorithm asnaatlin Section IV. It relies on an instance of class Hamikorand a

list of Kronecker vectors which represent the current eigetor approximation. The layout of the Kronecker vectsrdefined

by an instance of class SlicePattern which is passed to thersti is also responsible to reduce Equation 20 and Eqn&b to
eigenvalue problems by calculating the necessary vallesseTare used to create instances of the classes Effeatikbiaan

and ExtendedHamiltonion repsectively which in turn off@mpatible interfaces for matrix-vector products as neebigd
ARPACK++. Afterwards, the instance of HamiltonianEVSalwean create an instance of ARComStdEig which defines a
complex eigenvalue problem for ARPACK++. Passing the apiaite instance of EffectiveHamiltonian or ExtendedHaomion

to this problem makes it possible for ARPACK++ to use our cosBLAS routines. These do not belong to a specific class.
Instead, all operands required are passed to the BLAS esitifihe data elements are accessed through inlined routines
keep object orientation alive.

For more details regarding the implementation please mefehe accompanying Doxygen documentation and the detailed
comments contained in the sources.

APPENDIXB
INSTALLATION AND USAGE INSTRUCTION FOR THEVTA TEST APPLICATION

Compilation

1) Obtain the tarbali’t a. t ar. gz and decompress the archive:
tar -xzvf vta.tar.gz

2) Change into the subfoldert a/ bui | d. The build process is based on CMake which must be availablgar system.
Out of the box, the default compiler of your system will bedigprobably the GNU C++). Alternatively, you can specify
the Intel optimization compiler. Create the build files:
cmake .. or CXX=i cpc cnake ..

3) Build the application:
make

Afterwards, the binarywt a should be located in the build directory.

BLAS routines

blas_khk()
blas_unsym_khk()
blas_kk()
blas_vv()
blas_kk_kernel()
blas_vta_kernel()

| |
|
HamiltonianEVSolver iltoni I
SlicePattern — 1 : Hamiltonian | EffectiveHamiltonian
vector< vector<int> > layout Hamiltonian H- T [intP ! iltoni
-\ Y -ARCompStdEig problem int M | -Hamiltonian H
-int repeat -SlicePattern pattern ' _double alpha[] ‘_,| +  [fintps
+create() -list<KroneckerVectors> ev ! : _char tensor[] | -int pe
+getNumVectors() -double threshhold | | +set_slice()
+getNumSlices() 1 -int iterations : | | +ariface_ehv()
+getNumRepeats() -ScreenOutput scout P I
+getNumSummands() +run() | :
+get\F;aﬁtem() initial_start_value() [ : |
+getVector initi
g 0 -calc_initial_param() - I |ExtendedHamiltonian
-calc_slice_param() | I
- I KroneckerVector | -complex<doubl> u[]
ScreenOutput cale_LkRk() | lex<doubl> v[]
- -complex<doubl> v
2 -calc_U() | -int gnum : -dout?le tho
-ofstream logfile -calc_V() P -int gexp | double beta
+enableLog() -calc_Gamma() Pl -complex<double> Q[] | _double gamma
+say...() -update_beta() | | 9
-update_rho() | |

Fig. 11: Class diagram of the VTA test application
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Command line reference

The current test application fixes the coefficients to one. The Hamiltonian is based on the 1D-Ising model. Thieviing
mandatory command line arguments must be specified:

- -p [[pattern 1][pattern 2]...],--pattern [[pattern 1][pattern 2]...]

Specifies the slice pattern for the Kronecker vectors, [€d5, 5, 5][10, 10]]. The J-th sequence within the outer brackets
specifies the layout of thd-th summand.

-r [value], --repeat [val ue]

Determines how often the given pattern should be repeattting this value to one means that the supplied pattern is
used exactly once.

-i [value],--iterations [val ue]

Controls the maximum number of iterations for each new suntn@he test application uses a built-in numerical break
condition which skips further iterations if the relativeariye between two subsequent iterations is less tbar. See
option-t to control or disable this break condition.

Additionally, there is a number of optional arguments:

(1]
(2]
(3]

(4]
(5]
(6]
(71

- -t [value],--threshhold [val ue]

Allows to control the numerical break condition which erezbthe test application to use less iterations per summand
than specified. The value supplied will be used as new thieéshstead ofl0~" as set by default. Setting this value to
—1 effectively disables the break condition.

-1,--1o0g

If this switch is specified, the test application writes a fig named according to the current date and time. The log file
contains a copy of the supplied pattern sequence. Aftesydin@ following values are saved as comma separated values:
J,i,ev,abserr

Here,J denotes the number of summands currently in useidhd iteration of the/-th summand followed by the current
approximation of the eigenvalue and the absolute improm¢rokthe last iteration.

REFERENCES

Himmelsto3, Thomas. Eigenwertprobleme bei Matrizen in dgm®dukt-Form, 2010.

Intel Corporation. Technologies for Measuring Softesdterformance, 2003.

Nobuya Maeshima, Yasuhiro Hieida, Tomotoshi Nishino, Kodichi Okunishi. Matrix product state approximation foettnaximum-eigenvalue eigenstate
of the quantum transfer matriXProgress of Theoretical Physics, (145):204—207, 2002.

Zdzislaw Meglicki. Quantum computing without magic: Degs (scientific and engineering computation). 2008.

Mikio Nakahara and Tetsuo Ohmi. Quantum computing: Framedr algebra to physical realizations. 2008.

Konrad Waldherr. Computation of ground states - a matheralagioint of view, October 2009.

Konrad Waldherr. Numerical (Multi-)Linear Algebra: Teors and Applications, 2010.



